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THE EFFECT OF TEMPERATURE ON X-RAY INDUCED 
CHROMOSOME ABERRATIONS 


By Kart SAx AND E. V. ENZMANN* 
HARVARD UNIVERSITY 


Communicated July 6, 1939 


Most of the experimental work on temperature effects during or follow- 
ing irradiation shows that the higher temperatures cause more injury to 
living cells than low temperatures. Greater injury at higher temperatures 
was found in irradiated Drosophila eggs by Packard, in Ascaris eggs x-rayed 
at different temperatures by Dognon, and in chick embryos which were 
incubated at various temperatures after irradiation by Strangeways and 
Fell.! In a review of the temperature coefficient of radiation effects on liv- 
ing cells Clark also refers to the greater effectiveness of irradiation with 
high temperatures in producing erythema or in killing tumor cells. 

On the other hand Mottram? found that the growth of Vicia faba roots 
was inhibited more when treated with gamma rays at low temperatures 
than when irradiated at high temperatures. Spear* also found that tissue 
cultures exposed to gamma rays at 1°C. and at 37°C., respectively, showed 
slower recovery at the low temperature. According to Muller,‘ Paplashvilli 
found more chromosome rearrangements in Drosophila when x-rayed at 
low temperatures. Mickey® also found more translocations in Drosophila 
rayed at low temperature. The frequency of translocations was almost 
twice as great when the flies were irradiated at 4°C. than when rayed at 
28°C. to 33°C. 

The frequency of chromosome aberrations is increased by high tempera- 
tures or by x-rays. The apparent reduction of chromosome aberrations in 
cells irradiated at high temperatures calls for further analysis. Such an 
analysis may also have some bearing on the nature of gene changes since 
there is some evidence that the temperature effect on x-ray induced muta- 
tions is similar to the temperature effect on x-ray induced chromosome 
aberrations. ‘ 


| 
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Experimental Results.—The experimental work is based on an analysis of 
x-ray induced chromosome aberrations in Tradescantia microspores. The 
flowering stalks were placed in thermos bottles or pasteboard cartons which 
were filled with water at the desired temperatures. The flower stalks were 
placed in the containers five minutes before raying and, in most cases, were 
not removed for an hour after raying. They were then placed in vials of 
spring water and held at room temperature. 

The microspores were fixed at 24 hours, 48 hours and 5 days after ray- 
ing. The division figures obtained at 24 hours were from irradiated 
prophase nuclei when each chromosome consists of two sister chromatids. 
The chromosome aberrations at this time include only chromatid breaks, 
either simple deletions caused by single hits, or chromatid exchange or 
fusion between different chromosomes which are caused by two independent 
hits. The divisions obtained 48 hours after raying were from irradiated 
nuclei at very early prophase when splitting of chromosomes was beginning. 
The aberrations induced at this stage include both 1-hit and 2-hit chromatid 
aberrations, and chromosome aberrations induced before chromosome split- 
ting. The latter are almost exclusively 2-hit breaks. The chromosomes 
fixed 5 days after raying were in the resting stage when rayed and the 
aberrations include dicentric and ring chromosomes which are 2-hit aberra- 
tions. Very few 1l-hit aberrations appear at metaphase from irradiated 
resting nuclei, where the chromosomes are in the form of single threads. 
This timing of the nuclear cycle applies to the spring months. It is shorter 
in the summer. All exposures were made at 134 K. V. 10 ma. The radi- 
ation intensity was varied by changing the target distance. Each experi- 
ment included flowers from a single plant or a clonal line. 


TABLE 1 
EFFECT OF TEMPERATURE ON X-Ray INDUCED CHROMOSOME ABERRATIONS 
300 r6 min. Fixed 5 days after raying. 


TOTAL 


TEMPERATURE CHROMOSOMES BREAKS % BREAKS 
30°C. 1938 152 7.8 
a. 1746 238 13.6 


In the first experiment the flower buds were irradiated at 3° and at 30°C., 
respectively, for 6 minutes at 50r/m. The flower stalks were removed from 
the cartons a few minutes after raying and kept at room temperature. The 
frequency of chromosome breaks at the two temperatures is shown in table 
1. The chromosome breaks were nearly twice as frequent at the lower 


temperature. 
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TABLE 2 
EFFECT OF TEMPERATURE ON X-Ray INDUCED CHROMATID BREAKS 
180 r 21/. min. Fixed at 25-26 hrs. 


TOTAL BREAKS 
TEMPERATURE CHROMOSOMES SINGLE EXCHANGE TOTAL 
3c. 1326 - 90 6.8% 58 4.4% 11.2% 
30°C. 1746 52 3.0% 388 2.2% 5.2% 


CHROMOSOME BREAKS 
540 r 71/2 min. Fixed at 5 days. 


TOTAL BREAKS 


TEMPERATURE CHROMOSOMES _DICENTRIC RINGS TOTAL 
3°C. 6600 872 256 1128 17.1% 
30°C. 6432 420 136 556 «8.6% 


The experiment was repeated, with both high and low dosage, so that 
both chromatid and chromosome breaks could be analyzed in adequate 
numbers. The buds were placed in the cartons 10 minutes before raying 
and removed to room temperature 10 minutes after raying. The results 
are shown in table 2. In the material fixed at 25-26 hours after raying both 
the single and exchange chromatid breaks were twice as frequent at the 
lower temperature. For the analysis of chromosome breaks the dosage 
was increased to 540 r, since the resting stage of the nucleus is less sensitive 
than the prophase. Again the chromosome aberrations were twice as fre- 
quent in the buds rayed at the lower temperature. 

The greater frequency of chromatid and chromosome aberrations when 
the nuclei are rayed at the lower temperature may be due either to greater 
frequency of induced breaks, or to differences in frequency of fusions of 
broken ends of chromatids and chromosomes. Since the initial break 
presumably is caused by a photochemical reaction, it is probable that the 
temperature effect is due to differences in the rate of fusion of broken ends 
of chromosomes. This interpretation can be tested by irradiating at high 
and at low temperatures and then reversing the temperatures of half the 
flower buds in each series immediately after raying. The results of this 
experiment are shown in table 3. 


TABLE 3 
EFFECT OF TEMPERATURE ON X-Ray INDUCED CHROMOSOME BREAKS 


160 r 2 min. exp. 5 day. 


TOTAL CHROMOSOME 

TEMPERATURE CHROMOSOMES BREAKS 
38°C, 972 48 4.9% 
38°C. 822 12 1.5% 
3°— 38° 942 26 2.8% 


38°— 3° 978 22 2.2% 


af 
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The buds were irradiated for 2 minutes at 80 r/m in the water at 3° and 
38°C. Two minutes after irradiation half the flower stalks in each carton 
were transferred, those irradiated at 3° were placed in a carton of water at 
38°, and those rayed at 38° were transferred to a carton of ice water. The 
original series and the transfers were left in the containers for an hour be- 
fore they were put in vials at room temperature. The nuclei irradiated at 
3° showed about three times as many chromosome aberrations as those ir- 
radiated at 38°. The shift from cold to hot water reduced the frequency of 
chromosome aberrations to a point about intermediate between the fre- 
quencies of the original hot and cold series, but the shift from hot to cold 
after irradiation produced little increase in frequency of aberrations. These 
results confirm the assumption that the primary effect of x-rays in inducing 
chromosome aberrations is practically independent of temperature, and 
that the temperature effect is concerned with a secondary reaction. 


TABLE 4 


EFFECT OF TEMPERATURE ON X-Ray INDUCED CHROMATID AND CHROMOSOME 
BREAKS 


320 r 4 min. 3°C. and 38°C. for 1.5 hrs. Fixed 48 hrs. after raying. 


TOTAL 


CHROMO- CHROMATID BREAKS CHROMOSOME 

TEMPERATURE SOMES 1 HIT 2 HIT BREAKS 
3° 3030 46 1.5% 6 0.2% 252 8.3% 
3°—>38° 3648 169 4.6% 36 1.0% 164 4.5% 


The effect of changing temperature after irradiation was repeated and 
microspores were fixed at 48 hours after raying in order to get both chro- 
matid and chromosome breaks at the same time. The results are shown in 
table 4. The frequency of chromosome breaks shows the same trend as 
the previous experiments, but the frequency of chromatid breaks is much 
greater in the cells subjected to high temperature after irradiation. 


TABLE 5 
EFFECT OF TEMPERATURE ON X-Ray INDUCED CHROMATID AND CHROMOSOME BREAKS 
160 r. 2 min. exposure. At 24 and 48 hours after raying. 


TOTAL 


TEMPERA- CHROMO- CHROMATID BREAKS CHROMOSOME 
TURE TIME SOMES 1 HIT 2 HIT BREAKS 
3° 24 hr. 3486 126 3.6% 90 2.6% 
38° 24 hr. 3084 56 1.8% 50 1.6% ae ces 
3° 48 hr. 3276 26 0.8% 4 0.1% 90 2.7% 
38° 48 hr. 3324 36 1.1% 14 0.4% 18 0.5% 


This unexpected increase of chromatid breaks at the higher temperature 
led to another experiment to compare the effect of temperature on chro- 
matid breaks at 24 and 48 hours after irradiation. The results are shown 
in table 5. The frequency of chromatid breaks induced at mid-prophase 
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was about twice as high at 3° as at 38°, but the nuclei rayed at early pro- 
phase when the chromosomes were beginning to split show slightly more 
aberrations at the higher temperature. The frequency of chromosome 
aberrations, induced before chromatid formation, was very much more 
frequent at the lower temperature. Apparently there is a marked change in 
the temperature effect of x-ray induced breaks at earliest prophase, which 
is opposite that found in both earlier and later stages of nuclear develop- 
ment. 

If the observed decrease in the frequency of chromosome aberrations at 
higher temperatures depends on a simple chemical reaction there should 
be a gradual decrease in the induced aberrations with increased tempera- 
ture. Several experiments were set up to determine the effect of a series of 
different temperatures. The effect of various temperatures on the fre- 
quency of x-ray induced aberrations is shown in tables 6, 7 and 8. In the 
first experiment, which was done in February, there is a slight gradual 
decrease in the frequency of aberrations with temperature increases from 
3 to 28°, but at 36° the percentage of aberrations drops suddenly to about 
a third of the frequency found at the lower temperatures. This led us to 
suspect that the critical temperature was at about 30°, so a second experi- 
ment was completed to test the upper temperature range. This experi- 
ment was done early in May. The results are shown in table 7. A very 
high frequency of aberrations was found in nuclei irradiated at 3°, but a 
greatly reduced frequency was found at 24° and a continued low but some- 
what variable frequency at higher temperatures. In a third experiment we 
again attempted to determine more precisely the critical temperature. The 
results of this analysis, done in late May, are shown in table 8. The critical 
temperature is between 10° and 20°, with little significant variation in fre- 
quency of aberrations between 20° and 35°. These results, although not 
complete, show that there is a critical temperature at which x-ray effects 
are greatly modified. The fact that this critical temperature may vary 
from more than 28° to less than 20° probably can be attributed to seasonal 
effects on the nuclear condition. It is known that the microspore nuclear 
cycle requires nearly two weeks during the winter months and only one 
week during the summer. 

TABLE 6 
EFFECT OF TEMPERATURE ON X-Ray INDUCED CHROMOSOME BREAKS 


300 r10 min. Fixed at 5 days. 


TOTAL BREAKS 

TEMPERATURE CHROMOSOMES DICENTRIC RING TOTAL % 
Fo OM 4752 252 138 390 8.2 
12°C. 3714 194 104 298 8.0 
20°. 4704 234 76 310 6.6 
23°C. 4944 218 88 306 6.2 
36°C. 4014 - 82 10 92 2.3 
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TABLE 7 
EFFECT OF TEMPERATURE ON X-Ray INDUCED CHROMOSOME BREAKS 


320 r 4 min. exp. 5 days. 


TOTAL CHROMOSOME 


TEMPERATURE CHROMOSOMES. BREAKS % BREAKS 
3° 2064 342 16.6 
24° 1902 44 2.3 
29° 3126 118 3.8 
33° 2346 62 2.6 
36° 3690 68 1.8 
TABLE 8 


EFFECT OF TEMPERATURE ON X-Ray INDUCED CHROMOSOME ABERRATIONS 
360 r Fixed at 4 days. 


TOTAL 


TEMPERATURE CHROMOSOMES BREAKS % BREAKS 
3° 1404 70 10.0 
10° 1896 103 10.9 
20° 1242 40 3.2 
25° 1500 48 3.2 
30° 1464 62 4.2 
35° 816 22 


Interpretation of Results—The experimental results show that, 1—x-ray 
induced chromosome aberrations produced at mid-prophase or the resting 
stage are much more frequent if the cells are subjected to low temperatures 
during or following irradiation, 2—the temperature effect is reversed when 
the chromosomes are irradiated at earliest prophase when the chromosomes 
split to form sister chromatids, 3—the frequency of x-ray induced breaks 
is independent of temperature and 4—the temperature effect is maximal 
at a critical temperature which appears to vary with seasonal effects on the 
nuclear cycle. 

Since the production of breaks in the chromosomes by x-rays is indepen- 
dent of temperature, the temperature effect must be related to the union of 
broken ends of chromosomes. It has been shown that these broken ends 
can remain in an unstable condition and capable of fusion for as long as one 
hour at room temperature and that many of the x-ray induced breaks 
reunite in the original position so that no aberration is produced. The 
effect of high temperature during irradiation apparently is an acceleration 
of fusion of broken ends so that many of the unions restore the chromosome 
to its normal condition. At low temperatures the union of broken ends is 
delayed so that there is greater chance for the broken ends to get out of 
alignment and fuse in illegitimate associations which produce the chromo- 
some aberrations. This interpretation is supported by the experiments on 
temperature effects following irradiation (table 3). 
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The reversed effect of temperature on x-ray induced aberrations at 
earliest prophase is difficult to explain. This stage in the chromosome cycle 
is a critical one, since crossing-over occurs at this stage of chromosome de- 
velopment. Crossing-over is decreased with increased temperatures in the 
range from 13° to 25°, but at higher temperatures crossing-over is in- 
creased as compared with the standard condition of 25°.” Stern’ finds that 
the frequency of somatic crossing-over in Drosophila is low at 30° but high 
at both 25° and 17°C. Just how these varied results can be reconciled is 
not clear at present, but possibly both induced and natural breaks at this 
stage of chromosome development are affected by the stresses imposed by 
relational coiling of the newly formed sister chromatids. If the torsion is 
relatively great the broken ends may be thrown out of alignment before 
refusion is possible, leading to new associations of chromatids. The degree 
of torsional strain imposed by relational coiling may be dependent upon 
temperature. 

In many respects the breaks induced by x-rays are similar to the natural 
breaks which occur at every chiasma during meiosis. The breaks do not 
occur at random, they presumably do not produce genic alterations, and a 
broken end almost invariably fuses with another broken end. There must 
be natural breaking points in the chromosome which form the loci of both 
spontaneous and induced breaks. The chromosome has been pictured as 
a micelle of long polypeptide molecules in parallel alignment, differentiated 
longitudinally by sequences of amino-acid molecules.’ The linkage bonds 
between the genes must not be very stable since they can be broken and 
re-established with no injury to the chromosome. 

If the temperature effect on x-ray induced chromosome aberrations de- 
pended upon a simple chemical reaction there should be a gradual decrease 
in aberrations with increased temperature. The decrease, however, is not 
gradual, but drops quickly within certain temperature ranges. This be- 
havior suggests a critical temperature effect on the physical condition of 
the nucleus—possibly viscosity changes or changes in the stress of chromo- 
some coiling. 

The discrepancies in the various experiments with the temperature effect 
on irradiated cells probably can be attributed to the different effects pro- 
duced by irradiation. It is known that x-rays or gamma rays affect all 
parts of the cell; the permeability of the cell membrane is altered, the cyto- 
plasmic viscosity is changed, the mitochondria and golgi bodies become 
granular and the chromosomes are fragmented or fused. The lethal action 
of x-rays has been attributed to the action on oxidases, permeability of the 
cell membrane and electrolyte equilibrium, all of which are essential in the 
respiratory processes of the cell.” On the other hand the effects of x-rays 
on chromosome aberrations and mutations is well known, and either of 
these may be lethal at some point in the cell lineage. The lethal action of 
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irradiation on cells is often attributed to the chromosome changes induced 
by the direct effect on the chromosomes." 

The relative importance of the physiological effect and the genetic effect 
of irradiation depends on the nature of the cells. Radiation of plant cells 
shows the two effects very clearly. The first effect is the clumping of the 
chromosomes, disturbance of spindle formation and inhibition of nuclear 
division. At moderate doses these physiological effects are temporary and 
the cell recovers. The only permanent changes are the genetic effects 
caused by chromosome aberrations and mutation. Doses sufficient to pro- 
duce numerous chromosome aberrations do not prevent cell division. On 
the other hand Drosophila eggs show 50 per cent killing at a dose which 
has little effect on the sperm. The fact that there are enormous differences 
in the lethal dose for different organisms, for different tissues or different 
stages of development in the same organism, or even the same tissue under 
different cultural or environmental conditions, indicates that the physio- 
logical effect of radiation may play an essential part in the lethal action of 
radiation. Presumably the effect of high temperatures in increasing the 
lethal action of radiation can be attributed to increased physiological re- 
sponse. On the other hand the greater effectiveness of radiation at low 
temperatures can be shown to be associated with an increase in chromosome 
aberrations. The physiological factor appears to be of great importance in 
radiation therapy. 

There is some evidence that the temperature effect on x-ray induced 
mutations is similar to the temperature effect on x-ray induced chromosome 
aberrations. Although either high temperature or x-rays greatly increase 
the mutation rate, irradiation at high temperatures is no more effective than 
irradiation at low temperatures. In fact there is a tendency for more mu- 
tations to be produced when Drosophila is rayed at low temperatures. In 
two experiments by Timoféeff-Ressovsky more mutations were produced 
when the flies were irradiated at 10°C. than at 35°C., although the differ- 
ences were not satistically significant. But Medvedev found nearly twice 
as many mutations in flies irradiated at 0°C. than in those irradiated at 
20°C.!2_ The mutation rate in Tradescantia, as measured by pollen grain 
variability, also appears to be greater when the plants are irradiated at low 
temperatures (Rick, unpublished). If these results are confirmed by fur- 
ther work, it appears that most mutations are caused by chromosome 
aberrations or that the temperature effect on x-rayed genes is similar to 
the effect of temperature on x-ray induced chromosome aberrations. 

Summary.—Tradescantia microspores x-rayed at low temperatures show 
more chromosome aberrations than those irradiated at high temperatures. 
At high temperatures fusion of broken ends is accelerated and many of 
the breaks are reunited in the original position, while at low temperatures 
fusion is delayed and broken ends may fuse in illegitimate unions to pro- 
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duce many chromosome aberrations. This interpretation applies to nuclei 
irradiated at the resting stage and at mid-prophase, but the reversed tem- 
perature effect on early prophase chromosomes is difficult to explain. The 
temperature effect is maximal at a critical temperature which appears to 
vary with the seasonal effect on the nuclear cycle. The varied response of 
different types of cells to temperature effects during irradiation can be at- 
tributed to the relative effects of physiological and genetic factors. 


* This work was supported, in part, by a grant from the NATIONAL RESEARCH CouN- 
ci, COMMITTEE ON RADIATION. 
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THE BEHAVIOR IN SUCCESSIVE NUCLEAR DIVISIONS OF A 
CHROMOSOME BROKEN AT MEIOSIS 


‘By BarBaRA McCiintocKk 
DEPARTMENT OF BOTANY, UNIVERSITY OF MISSOURI 
Communicated July 7, 1939 


If a chromatid in maize is broken at a meiotic anaphase and if it enters 
a telophase nucleus, fusion between the two sister halves of this chromatid 
will result at the position of breakage.’ Because of this fusion, the separa- 
tion at a succeeding anaphase of the sister halves of this chromatid neces- 
sarily produces a bridge configuration. The pull on the chromatin of this 
bridge in the anaphase or telophase results in breakage and again a broken 
chromosome enters each telophase nucleus. The following questions im- 
mediately arise: Will this chromatid produce a bridge in the following 
mitotic anaphase by a similar fusion of sister halves at the position of the 
second break? Will this process continue indefinitely in each successive 
division or wil. the broken end of a chromosome eventually “‘heal’’ and con- 
tinue through mitotic cycles without further fusions, bridges and break- 
ages? It is stated in the. previous publication that the evidence on this 
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point was conflicting. It is the purpose of this note to indicate the nature 
of this conflict. In brief, the evidence shows that the breakage—fusion— 
bridge—breakage cycle will continue, after an original meiotic break, in the 
endosperm, whether the broken chromosome is contributed by the male 
or by the female gamete. In contrast to the endosperm, healing of the 
broken end of the chromosome, i.e., discontinuance of the breakage— 
fusion—bridge—breakage cycle, occurs in the embryo. 

The method previously used to demonstrate, cytologically, the fusion 
of broken ends of sister chromatids involved the use of an inversion. In all 
such cases the broken chromatid produced is deficient and would not be 
expected to survive regularly through ovules or to be transmitted by pollen 
grains. Hence, a test of the behavior of such a broken chromosome could 
not readily be obtained. Consequently, other methods have been used to 
obtain a broken chromosome with at least a complete set of genes. 

The first method to be described involves the use of an x-ray induced re- 
arrangement in chromosome 9. The morphology of a normal chromosome 
9 is shown in a, figure 1. The short arm terminates in a large knob (stip- 


FIGURE 1 

a. Diagram of a normal chromosome 9. The stippled region represents the large 
terminal knob, the dash line, the segment composed of small, loosely spaced chromo- 
meres. The wide solid line represents the heavy, closely associated chromomeres adjacent 
to the spindle fibre attachment region which is represented as a clear bulge. The long 
arm is represented by a thin, solid line. The arrows point to the positions of the three 
breaks, followed by refusions, which produced the chromosome diagrammed in )b. 
c. The association of homologous regions, 1 to 5, of a normal chromosome 9 with a 
very small knob and the rearranged chromosome 9 shown in }. The cross indicates 
a position of crossing-over to give rise to the dicentric chromosome shown in a, figures 
3 and 4. 


pled). (The presence of a knob is:not necessary for the functioning of 
chromosome 9. Strains with no knob or knobs of intermediate sizes are 
known. The knob substance lengthens the chromosome at its end but does 


a 
0 9 8 7 6 2. 3. 
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not add necessary genic material.) The proximal one-third of the short arm 
(5 and 6, figure 1) adjacent to the spindle fibre region, is characterized by 
large, closely associated, deeply staining chromomeres, suggesting hetero- 
chromatin in appearance. The distal two-thirds of the short arm (dash lines, 
figure 1) is composed of small, widely spaced chromomeres. The x-ray 
induced rearrangement is shown in 8, figure 1. The positions of breakage in 
the normal chromosome 9 which gave rise to this rearrangementare indicated 
by the arrows in a, figure 1. The terminal large knob has been broken into 
two unequal parts, the smaller part together with three-quarters of the 
short arm being inserted into the long arm, the other section being inverted. 
In plants possessing one normal chromosome 9 and one altered chromo- 
some 9, homologous synaptic association of regions | to 5 (c, figure 1) fol- 
lowed by a crossover within this region, results in a chromatid with two 
spindle fibre attachment regions and a chromatid with no spindle fibre at- 
tachment region (a, figures 3 and 4). The composition of the chromatid 
with two spindle fibre regions should be noted. From right to left it is 
composed of a chromosome 9 complete as far as and including the small 
internal knob. This is followed by the conspicuous deeply staining region, 
6, which joins the second spindle fibre attachment region. As the two 
spindle fibre regions pass to opposite poles at anaphase J, a break must oc- 
cur between these two regions. Should it occur between the internal knob 
and the second fibre region (at position of arrow in a, figures 3 and 4) one 
of the two resulting chromatids will possess a full set of genes plus a short 
duplication composed of a part of region 6 extending beyond the small 
knob. This chromosome would be expected to be functional since no defi- 
ciency is present. The main factor to be emphasized is the presence in this 
chromosome of a broken end. It is the purpose of this paper to test the 
subsequent behavior of this broken end in the future nuclear cycles. 

The genes Yg, C, Sh and Wx (Yg, normal green plant, yg, yellow-green 
plant; C, colored aleurone, c, colorless aleurone; Sh, normal endosperm 
development, sh, shrunken endosperm; Wx, normal starch in endosperm 
and pollen, staining blue with iodine, wx, waxy endosperm whose starch 
stains red with iodine) are located in the short arm of chromosome 9, the 
order being: knob-Yg—C-Sh-Wx-spindle fibre region.? The crossover 
distance between the genes are 19, 3 and 21, respectively.’ All four genes 
are located in the translocated segment 1 to 5.‘ It should be emphasized 
that Yg is a plant character whereas c, sh and wx are endosperm characters. 
Plants possessing a normal chromosome 9 with the genes Yg—C (or c)—sh-wx 
and the altered chromosome 9 containing the dominants only, when 
crossed by yg-c-sh-wx or Yg-c-sh-wx, have given the results shown in 
table 1. The kernels have been divided into three main classes: I, full 
colored, non-variegated kernels; II, c-sh—wx kernels and III, kernels whose 
aleurone color is variegated for C and c. It will be noted that in the first 
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class, the non-variegated kernels, only 5 are detectable crossovers. Of the 
41 in the variegated class, 38 are recognizable crossovers. The three that 
contain Wx are variegated for Wx and wx as wellas C andc. The type of 
variegation is very specific. Colorless areas (c) of various sizes occur. 


TABLE 1 


DISTRIBUTION OF ENDOSPERM CHARACTERS RESULTING FROM THE CROSS 


C(or c)—sh-wx-normal chromosome 9 


— X e-sh-wx- 1 ch 9 


r Non-variegated kernels: C Sh Wx C Sh wx C sh Wx 
3185 4 
II. c¢sh wx kernels 
3128 
III. Variegated kernels: C-c (Sh-sh)* Wx-wx  C-c (Sh-sh)* wx C-c sh wx 


3 34 4 


* Variegation for Sh and sh cannot be readily detected. 


Within these areas there are no colored (C) cells. The kernels that are 
likewise variegated for Wx and wx show a distinct relationship between 
patterns of the C and c and of the Wx and wx variegations. All the C spots 
are Wx. Thec spots are of two types: (1) those that are totally wx and (2) 
those showing smaller areas of wx within a c-Wx spot. Just such variega- 
tion would be expected if the endosperms in these kernels had received 
chromosomes 9 with broken ends, the broken chromosomes carrying the 
dominant C or the dominants C and Wx, and if fusions of broken ends were 
occurring in successive nuclear divisions, i.e., continuance of the breakage— 
fusion—bridge—breakage cycle. It is only necessary to assume that the 
successive breaks are not always at the points of previous fusions. Since 
this is known to occur from direct cytological observations’ and from ob- 
servations of chromosomes which have undergone such successive breaks 
(see figures 3 and 4), it isa justifiable assumption. A chromosome 9 with a 
broken end and carrying C and Wx could result from a crossover (c, figure 1) 
between the translocation point to the right in the rearranged chromosome 
9 and the gene Wx, followed by a break at anaphase J of the dicentric chro- 
matid so produced (the chromatid recovered is that to the right of the 
arrow, a, figures 3 and 4). This broken chromosome should give C-c and 
Wx-wx variegation. If the crossover occurred between Wx and C, the 
chromosome with the broken end would contain the genes C and wx. A 
wx kernel with C-c variegation would resu t. In the case being described, 
variegation could result from fusions between the broken ends of two 
chromosomes 9 (the two contributed by the female parent) or between ends 
of sister halves of a chromosome. That the latter can occur will be evident 
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from the second case to be described. Figure 2 has been constructed to 
illustrate the method by which C-c and Wx-wx variegations are produced 
on the basis of fusion of broken ends of sister halves of a chromosome. If 
a broken chromosome with fused sister halves contains the genes C and Wx 
(left, figure 2) and if the break in the following anaphase occurs between 


FIGURE 2 


Diagram to illustrate the method by which variegation of the endosperm characters 
C and Wx can be produced. The figure to the left represents the two sister halves of 
a broken chromosome 9 fused at the position of a previous break. The chromosome 
carries the genes C and Wx in the order given. The spindle fibre attachment region 
is represented as a clear bulging region. Separation of the two halves in the following 
anaphase produces a bridge configuration. If breakage of the bridge occurs at the 
position of the arrow, a chromosome lacking C will enter one nucleus (lower right) and 
a chromosome duplicated for C will enter the sister nucleus (upper right). If fusions 
occur between the two split halves of each of these broken chromosomes, as represented 
in the diagrams, a bridge will form in the following anaphase. If breaks occur at the 
positions of the arrows, Wx will be deleted from one of the resulting nuclei in each case. 


Wx and C (arrow), the chromosome entering one nucleus will carry Wx 
and a duplication with C (upper right, figure 2). The chromosome enter- 
ing the sister nucleus will have lost C but will possess Wx (lower right, 
figure 2). Through fusions of broken ends of the two sister halves of each 
of these chromosomes, in turn, an anaphase bridge will be produced in the 
following division. If the break occurs at the arrows in each case, Wx will 
be removed from the chromosome in one of the two daughter nuclei, re- 
spectively. On this basis, two types of spots are expected in a variegated 
kernel containing C and Wx: (1) c-wx spots and (2) c-Wx spots within 
which there are areas of wx. Since the size of the recessive spots range 
from large to very small, the breakage—fusion—bridge—breakage cycle must 
continue in successive nuclear divisions in the endosperm tissue. 

From genetic data on normal chromosome 9, it is known that within the 
region 1 to 5, figure 1, single crossover chromatids are produced far more 
frequently than double crossover chromatids.* From the data in table 1, 
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it is strikingly evident that the majority of detectable crossovers are as- 
sociated with variegated endosperm. Only 5 are not associated with 
variegation. It was therefore suspected that the 41 variegated kernels 
have obtained a chromosome with a broken end following a single crossover 
as diagrammed in c, figure 1, whereas the 5 non-variegated kernéls have ob- 
tained a double crossover chromosome with a normal, non-broken end. 
The latter, therefore, should not show variegation. If the endosperm of a 
kernel possesses either a single crossover chromosome (with a broken end) 
or a double crossover chromosome (with a normal end), the embryo and 
plant tissues arising from such a kernel must possess either a broken chromo- 
some or a normal chromosome respectively. If the crossover kernels, 
variegated and non-variegated, are sown, the plants arising from each 
should clearly show the expected type of chromosome in the meiotic pro- 
phases. The following will describe these results. 

If the variegated kernels from the cross Yg—C-sh—wx-normal chromosome 
9/ Yg—C—Sh-Wx-altered chromosome 9 by yg—c—sh-wx-normal chromosome 
9, possess a broken chromosome 9 introduced by the female parent, and if 
the breakage—fusion—bridge—breakage cycle involving broken ends of sister 
chromatids continues without healing of the broken ends, variegation for 
the yg character should be evident in the plants coming from these kernels. 
On the other hand, plants coming from the non-variegated kernels should 
show no variegation for yg. Sixty non-variegated kernels of the C-Sh-Wx 
class and 60 of the c-sh-wx class were sown. No evidence of yg appeared 
in the resulting individuals. The 12 variegated kernels from this cross gave 
rise to 6 Yg plants with no evidence of yg at any stage in the life of the 
plants, 5 yg plants and 1 Yg plant which showed a single yg streak on the 
first leaf but no other yg streaks throughout the life of the plant. The yg 
plants clearly indicated that a broken chromosome 9 was present, a break 
having occurred to the right of the internal knob, a, figures 3 and 4, deleting 
the Yg locus. Because the Yg plants did not show Yg—yg variegation it 
was assumed that although they possessed a chromosome 9 with a broken 
end, this broken end had healed in the embryo cells. Since the Yg locus 
is close to the right side of the small internal knob of the chromatid in a, 
figures 3 and 4, the yg plants should show no knob on the chromosome 9 
contributed by the female parent whereas the Yg plants could possess the 
knob with or without an additional segment beyond the knob. Conse- 
quently, all 12 plants coming from the variegated kernels were examined 
at meiosis to obtain the constitution of the chromosome 9 contributed by 
the female parent. All 5 yg plants showed a deficiency in one chromosome 
9, the knob being lost in all cases, an extensive deficiency of the short arm 
being present in two cases. Among the 7 Yg plants, the chromosome 9 
contributed by the female parent was complete to and including the small 
knob, with or without, in the several plants, respectively, an extension of 
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chromatin beyond this small knob. Regardless of its composition, the 
broken chromosome 9 in all cells examined in any one plant was always 
exactly the same in appearance. In this particular cross, the plant tissues 
have corroborated both genetically (yg plants) and cytologically (all plants) 
the assumption of the presence of a broken chromosome 9, this assumption 
having been based upon the variegation exhibited in the endosperm of the 
kernels from which each plant arose. 

Among the 26 examined plants coming from the variegated kernels of 
both crosses (by Yg—c-sh-wx or yg—c—sh-wx), 10 have shown a chromosome 
9 terminating in the small knob, i.e., a complete chromosome 9. Seven 
have shown a deficient chromosome 9, either lacking the small knob or the 
knob plus an adjacent section of the short arm. In the remaining seven 
cases, the chromosome 9 was complete to and including the small knob 
but likewise possessed a section of chromatin extending beyond this knob. 
The composition of the chromatin extension in each case introduces im- 
portant evidence not only for the presence of a broken chromosome 9 but 
also for the origin of this chromosome from a crossover diagrammed in 
c, figure 1, followed by a break at anaphase J in the dicentric chromatid. 
The extension always possessed a section of the easily identifiable chromatin 
of region 6, figure 1, clearly indicating the origin of this chromosome from 
one whose original composition was that of a, figures 3 and 4. A particu- 
larly interesting example of a recovered broken chromosome is shown in ¢, 
figure 3. The simplest method of diagramming the origin of this chromo- 


OQ 


FIGURE 3 
See text for description. 


some is given in a and 3, figure 3. Ina, the dicentric chromatid is repre- 
sented following a crossover as diagrammed in c, figure 1. The arrow 
points to the position of breakage, the portion to the right of the break 
being in the line of descent. Fusion occurred between the two sister halves 
of this chromosome as shown in 3), figure 3. The arrow points to the posi- 
tion of the second break, the upper chromatid being recovered as shown in 
c, figure 3. That the breakage-fusion—bridge—breakage cycle involving 
sister chromatids must occur through several mitoses at least in the early 
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divisions (embryo sac ?) following the original break is evident from the 
composition of the recovered chromosome 9 in several of these cases. One 
example will be cited. The constitution of the chromosome 9 contributed 
by the female parent, as observed in the prophase of meiosis of this plant, 
is shown in d, figure 4. At least three breaks, followed by fusions of broken 
ends of sister halves of a chromosome are necessary to give rise to this 
chromosome. These are illustrated in a, > and c, figure 4. The arrow 


b 
wc 
see 
d 
FIGURE 4 


See text for description. 


points to the position of the successive breaks, the upper chromatid in all 
cases being in the line of descent. 

The composition of the chromosome 9 contributed by the female parent 
in these 26 cases has given abundant evidence of the presence in these 
plants of a broken chromosome 9 and has verified the assumed origin of 
such a broken chromosome. 

If the variegated endosperm tissue is related to the presence of a broken 
chromosome arising after a single crossover, each of the 5 crossover kernels 
with no variegation (I, table 1) should possess an unbroken chromosome 9 
which has arisen from a double crossover chromatid. Three of the 4 plants 
coming from the C—Sh—wx kernels were examined. All three possessed the 
rearranged chromosome (0, figure 1), obviously the result of a double cross- 
over. The plant coming from the C-sh-Wx kernel contained a normal chro- 
mosome 9, likewise a double crossover. Thus, the evidence from the cross- 
over kernels, variegated and non-variegated, is in complete accord with the 
prediction. 

The second method involved the use of a chromosome 9 with a duplication 
of nearly all of the short arm attached to the end of the normal short arm. 
The order of the genes in the duplicated segment is inverted with respect 
to those in the normal short arm as in an attached-X chromosome of 
Drosophila. In plants containing a chromosome 9 with the duplication 
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and a normal chromosome 9, a number of types of 2-by-2 homologous 
associations at meiotic prophase can occur. Dicentric chromatids are pro- 
duced by a crossover following the association of the duplicated segment 
with its homologous region in the normal chromosome 9, a, figure 5, result- 
ing in a first division bridge or by a crossover as diagrammed in 3, figure 5, 
following the association of the duplicated segment with its homologous 
region in the duplicated chromosome 9. The latter will result in a second 
division bridge. Counts of bridge configurations in AJ and AJJ have given 
13.8% (among 137 sporocytes) and 13.5% (among 74 sporocytes) respec- 
tively. It should be noted that the dicentric chromatid represents a com- 
pletely duplicated chromosome attached at the end of the short arms, c, 
figure 5. Breakage at anaphase of such a chromatid can produce two 


x >— 
a b 
654321123456. 
c 
FIGURE 5 


a. Diagram of a meiotic prophase association of a normal chromosome 9 and a 
chromosome 9 with a duplication of the short arm. The duplicated segment is 
homologously associated with the short arm of the normal chromosome 9. A cross- 
over as indicated produces a chromatid composed of two attached chromosomes 9 as 
showninc. This will produce a bridge configuration at anaphase J. 6. Association 
of homologous regions within the duplicated chromosome 9. A crossover as in- 
dicated will give rise to the dicentric chromatid shown in ¢ which will form a bridge 
configuration in anaphase JJ. 


complete chromosomes 9 if the break occurs at the position of the arrow, 
or one chromosome with a duplication and one chromosome with a de- 
ficiency if the break occurs at any other position between the two spindle 
fibre regions. By this means, one can obtain a broken chromosome with 
at least a complete set of genes. 

If such a broken chromosome carries dominant genes and if it is intro- 
duced through the pollen to plants carrying the recessive alleles, a continued 
breakage-fusion—bridge—breakage mechanism involving sister halves of a 
chromosome, should produce variegation in the endosperm tissues. When 
successive genes are lost, those distal to the spindle fibre region should be 
lost first followed by genes nearer to the spindle fibre region as illustrated 
in figure 2. When such variegated kernels are sown, the plants coming 
from them should show the presence of a broken chromosome 9 in the 
meiotic prophase configurations. 
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Plants carrying the duplicated chromosome 9 with the genes J and Wx 
in both the normal and the duplicated segment (J, inhibitor of color in the 
aleurone layer, 7, color in aleurone layer, located at the same position as 
C in the crossover map) and a normal chromosome 9 with a large terminal 
knob on the short arm and carrying the recessive alleles, when crossed to 
plants with normal chromosomes 9 carrying 7 wx, have given the follow- 
ing results: 62 J Wx, 0 I wx, 29 1 Wx, 765 i wx and 30 J variegated 
kernels.” Among the J-i variegated kernels 3 were totally wx. The re- 
maining 27 were likewise variegated for Wx and wx, the pattern of variega- 
tion being similar to that of the previous case described (substitute J for C 
in figure 2). Cytological examination of plants coming from the J Wx, 1 wx 
and variegated kernels have been made to determine the nature of the 
chromosome 9 contributed by the pollen. All the plants coming from the 
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FIGURE 6 

Diagram to illustrate types of recovered broken chromosomes in 16 plants arising 
from variegated kernels. Since small duplicated segments, as illustrated in figure 4, 
are not so readily detected in this material, the positions of breaks are referred to 
the original dicentric chromatid, c, figure 5. Only the middle section of the dicentric 
chromatid is represented. The chromatid recovered is the one to the right of the 
arrow in each case. In 8 cases, duplicated segments of various lengths, as shown 
by the arrows, were present in the recovered broken chromosome. 


I Wx, non-variegated class contained either the normal duplicated chromo- 
some 9 or a normal chromosome 9 with the large terminal knob resulting 
from a crossover which did not give rise to a dicentric chromatid (between 
the normal chromosome 9 and the normal short arm of the duplicated 
chromosome 9). All of the examined individuals derived from the 7 wx 
kernels contained a normal chromosome 9 with a large terminal knob. All 
the ndividuals coming from the variegated kernels have shown a broken 
chromosome 9. In each individual plant, the constitution of the broken 
chromosome 9 was the same in all of the cells examined. As has been shown 
in the previously described case, the broken end of chromosome 9 must 
heal in the very early embryo cells and remain healed throughout all later 
nuclear cycles. Examinations of anaphase configurations in root tips of 
these plants have shown no indication of bridge configurations, which 
agrees with similar observations made with the previously described case. 
The types of broken chromosomes 9 as determined by meiotic prophase 
examinations in plants arising from variegated kernels, are diagrammed in 


figure 6. 
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The reciprocal cross (plants heterozygous for the duplication carrying 
I Wx in the normal and the duplicated segment of the duplicated chromo- 
some 9 and large knob, 7 wx in the normal chromosome 9 by plants carrying 
a normal chromosome 9 with i wx) have given similar results. The types 
of kernels obtained with their ratios are as follows: 438 J] Wx, 0 I wx, 23 
1 wx, 445 7 wx and 17 kernels variegated for J~1 and Wx-wx. Chromosome 
examinations in plants arising from the non-variegated and variegated 
kernels have given the expected results: non-broken and broken ends, re- 
spectively. 

It is obvious that when the proper genic characters are used, the presence 
of individuals possessing a broken chromosome can be detected by the 
variegation produced in the endosperm. This variegation can appear when 
only one broken chromosome is present in the endosperm tissue. When 
Wx as well as J or C is present in the variegated kernels, the pattern of varie- 
gation for each accords with the interpretation of a breakage—fusion— 
bridge—breakage mechanism involving sister chromatids extending through 
successive nuclear cycles in the developing endosperm. It is at present 
unexplained why this mechanism does not continue in the embryo tissue. 
Here broken ends apparently heal and remain permanently healed. This 
is clearly demonstrated when the recovered broken chromosome has no 
duplication or deficiency, arrow to right, figure 6. These chromosomes be- 
have in future generations as normal chromosomes 9, giving normal cross- 
ing-over and transmissions. No variegated kernels have appeared in 
progeny tests of 8 such cases. On the other hand, those broken chromo- 
somes which have a newly derived duplicated segment, arrows to left of 
first, figure 6, are the source of new broken chromosomes by the same 
crossover mechanism as described for the original duplication. Extensive 
investigations with one derived duplication (the short duplication, second 
arrow from right, figure 6) and preliminary tests with all the others have 
repeated the original results. Non-variegated and variegated kernels are 
produced, the variegated kernels in all cases possessing newly broken chro- 
mosomes. 

In conclusion it can be stated that in maize a bridge configuration at a 
meiotic anaphase results in the production of a broken chromosome. 
Fusion occurs at the position of breakage between the two sister halves of 
the broken chromosome. Because of this fusion a bridge configuration oc- 
curs in the following gametophyte division. This again results in a broken 
chromosome entering each telophase nucleus. Fusion likewise can occur 
between the broken ends of the sister halves of each of these chromosomes 
thus continuing the cycle of bridge—breakage-fusion—bridge. The variega- 
tion exhibited in the endosperm tissues of kernels carrying broken chromo- 
somes indicates that this cycle can continue, apparently uninterruptedly, 
in this tissue. In the embryo and plant tissues, however, the broken end 
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becomes healed. It remains permanently healed in future nuclear and 
plant generations regardless of the type of tissue in which it is present. 

Limitation of space does not allow a full discussion or even mention of 
some interesting phases of these results. They will appear in a later publi- 
cation. 

The author wishes to express appreciation to Dr. L. J. Stadler for furnish- 
ing the original material of the duplicated chromosome 9 and to Dr. Har- 
riet B. Creighton for furnishing the original material of the x-ray induced 
rearranged chromosome 9. 
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THE INFLUENCE OF TRANSPLANTATION UPON 
IMMUNOLOGICAL PROPERTIES OF LEUKEMIC CELLS 
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Communicated June 27, 1939 


Under the normal conditions of our colony, the incidence of spontaneous 
leukemia in mice of the long inbred strain C58 is nearly 90%.” This is not 
significantly changed when the mice are given treatments throughout their 
lives that effectively immunize them against the highly virulent cells of a 
long-established line of transplanted leukemia that started from a spon- 
taneous case in a mouse of this same strain (line J). Among 128 mice of 
this strain, immunized* at an early age by cells of line J inoculated intra- 
peritoneally, first in extremely small numbers and afterward in increasing 
doses until the massive standard dose was repeatedly survived, 89 died with 
spontaneous leukemia, 16 were negative for leukemia (death before six 
months not counted) and 25 could not be diagnosed microscopically on 
account of post mortem changes (84.7% spontaneous leukemia among diag- 
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nosable cases). Among 56 mice from the same strain immunized‘ against 
line J by treatment with normal tissue from strain StoLi (treatments re- 
peated monthly throughout life) 56 died with spontaneous leukemia; un- 
treated litter-mate controls, 55 cases spontaneous leukemia, 5 cases nega- 
tive for leukemia (91.6% spontaneous leukemia). 

Thus, with genetic factors rigidly controlled and with the results in 
terms of a known incidence of spontaneous leukemia, the conclusion in this 
case avoids all doubts which cloud most of the frequently quoted old 
studies on the relation of spontaneous tumors and immunity to trans- 
planted tumors. 

The results given above could be interpreted by the generalization often 
cited in connection with efforts to induce resistance to spontaneous tumors, 
namely, that it is impossible to immunize an animal against its own cells. 
However, under the given conditions it is possible to show that the above 
results are not due to the unique relationship between the mouse and its 
own leukemic cells, for corresponding results are obtained when this re- 
lationship is broken by a single transfer.® In suitable doses, leukemic cells 
taken from a spontaneous case, as well as cells of line J, will kill every host 
of strain C58 that has not had any immunizing treatment; ‘‘spontaneous”’ 
cells also kill the mice immunized against line J (table 1). 

The low virulence of ‘‘spontaneous”’ cells compared with the high viru- 
lence of cells of line J is evident in the average interval before death, which, 
in contrast to the case for tumors, gives a subtile index of physiological 
traits of leukemic populations. In the experiments in which the mice were 
treated with normal embryonic tissue from strain StoLi (treatment C in 
table 1) the actual differences were greater than indicated by the average 
intervals, due to the fact that the dose of “‘spontaneous”’ cells was 64 times 
greater than that of the line J cells. In the other experiments the doses 
were equivalent. Thus, the failure of immunized hosts to resist ‘‘spontane- 
ous”’ cells cannot be explained by the superior proliferative power of these 
cells according to the interpretation of Woglom® (p. 158). 

The failure of cells taken directly from spontaneous cases to be resisted 
by mice immunized against long-transplanted cells of far greater prolifera- 
tive energy and higher growth capacity, proves that neither the particular 
relation of the malignant cells to their original host nor any superiority of 
their growth powers is concerned, but that the spontaneous cells are im- 
munologically different. 

If such immunological differences originated as specific traits of different 
spontaneous cases, different lines of transplanted leukemic populations 
originating in different spontaneous cases should show the same difference. 
But this is not the case, for unquestionable evidence of cross immunity is 
found between different lines, including a line started from a spontaneous 
case in a different strain of mice (table 2). 
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TABLE 2 


Cross IMMUNITY BETWEEN TRANSMISSION LINES OF LEUKEMIC CELLS IN NATURALLY 
SUSCEPTIBLE Hosts 


IMMUNIZED BY . TESTED BY RESULT 


LINE— LINE— SURVIVED DIED 
ir A 10 1 
I Mkid 20 0 
A I 5 0 
Mhkid 23 10 
L* I 11 5 


* Arose from a foreign strain of mice. 


On the other hand on evidence is known to deny the interpretation that 
changes in the course of transfer are responsible for the wide gap between 
“spontaneous”’ cells and cells transmitted through many transfers. The 
irregularity of such changes would account for incompleteness of the cross 
immunity. Accordingly we propose, as a working hypothesis open to ex- 
perimental test, that the cells in a spontaneous case of leukemia carry im- 
munological properties which in the course of many transfers tend to change 
and to change to such an extent that entirely different immunities are re- 
quired to resist them. According to this hypothesis, induction of resistance 
to cells in the spontaneous condition is not an impossibility. 

Long-established transplanted tumors offer opportunity for analytical 
experimentation to discover the mechanisms working in these tissues and 
in their hosts; knowledge of these mechanisms underlying specific phe- 
nomena may have general implications. However, in searching for specific 
means of inducing resistance to cells of the type found in spontaneous cases, 
cells of this type should be used in the tests. 

Summary.—Mice naturally susceptible to inoculated leukemic cells that 
have become highly virulent in the course of a long series of transfers, may 
be rendered resistant to these cells by certain treatments. These treat- 
ments (1) permit spontaneous leukemia to appear in the high frequency 
characteristic of this strain of mice, and (2) permit the relatively non- 
virulent leukemic cells transferred directly from spontaneous cases to kill 
the treated hosts as soon as the untreated controls. Different lines of long- 
transferred leukemic cells originating in different spontaneous cases show 
cross-immunity. 

These results appear to indicate that the observed induced resistance to 
highly virulent long-transplanted leukemic cells depends upon immunologi- 
cal properties developed in the course of transfer. 


1 Aided by a grant from the Carnegie Corporation. 

2 MacDowell , E. C., and Richter, M. N., Archiv. Pathol., 20, 709-724 (1935). 

3 MacDowell, E. C., Taylor, M. J., and Potter, J. S., Proc. Soc. Exp. Biol. and Med., 
32, 84-86 (1934). 
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4 MacDowell, E. C., Taylor, M. J., and Potter, J. S., these PROCEEDINGS, 21, 507- 
508 (1935). 

5 MacDowell, E. C., Potter, J. S., et a/., Year Rook, Carnegie Institution of Wash- 
ington, 36, 52-53 (1937); Science, 85, 443 (1937). 

6 Woglom, W. H., Cancer Rev. Mar., 129-214 (1929). 


RESPONSES TO DIFFERENT LEVELS OF NUTRITIONAL 
INTAKE OF RIBOFLAVIN (FORMERLY CALLED VITAMIN G) 


By H. C. SHERMAN AND L. N. ELLIs 


DEPARTMENT OF CHEMISTRY, COLUMBIA UNIVERSITY 


Read before the Academy, April 25, 1939 


At the Cambridge meeting of the Academy, we reported experiments 
with diets composed of natural food materials so proportioned as to con- 
tain different amounts of riboflavin (then called vitamin G); and which 
showed that successive increments of intake of this factor resulted in 
successively increased benefits to nutritional well-being, up to levels more 
than twice that of minimal adequacy.' This ‘‘minimal adequate’ level of 
intake was shown to meet the needs of normal growth, health, reproduc- 
tion and lactation, the second generation appearing in all respects as 
vigorous as the first; while higher levels of intake increased the rate of 
growth and the quantitative measures of adult vitality, the differences 
being significant although their limits were within the zone of normal 
variation. 

The unexpectedly wide difference between the minimal adequate and 
the optimal levels of nutritional intake of riboflavin is being studied 
further in a new series of experiments, using a constant basal ration en- 
riched in different degrees by the addition of commercially isolated ribo- 
flavin. Riboflavin is thus made the sole significant variable in the present 
experiments at levels tentatively designated as about 3, 7 and 10 times that 
of minimal adequacy. 

In the first generation, the responses of nutritional well-being appear to 
have reached their plateau at a level of intake about threefold higher than 
that of minimal adequacy (Fig. 1); but the offspring show a further re- 
sponse in growth-rate to still further enrichment of the family dietary up 
to perhaps seven to ten times the minimal-adequate level of riboflavin 
intake (Fig. 2). The difference in growth is small when the offspring are 
continued on their respective family dietaries, while much larger differ- 
ences appear when such offspring are transferred at the end of infancy 
to an otherwise adequate but riboflavin-free diet. 

Leaving the quantitative aspects of these experiments for the fuller 
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account of the work to be published elsewhere, the following interpreta- 
tions are here suggested: (1) that growth alone is not so complete a 
measure of well-being as has sometimes been assumed; and (2) that the 
concept of nutritional improvability of the chemical composition and 
tissue condition of an already normal organism may aid us in obtaining 
a clearer and more accurately comprehensive picture of the chemistry of 
the life process. 


© 200|/- FEMALES 


30 60 90 120 150 180 210 240 270 300 400 500 600 
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FIGURE 1 
Weight curves of rats receiving approximately three (3 X), seven (7 X) and ten (10X) 
times a minimal-adequate intake of riboflavin, the records for each sex being continued 
as far as we yet have such numbers of cases as to warrant quantitative comparison. 


Growth as an indication of nutritional response has its greatest useful- 
ness in those experiments which include also determinations of body com- 
position and observations upon entire life cycles and successive genera- 
tions. Quantitative studies of the extent to which the riboflavin content 
of the tissues is influenced by increments of nutritional intake such as 
those here described are now in progress. 

The findings of several investigators show that compounds of thiamin, 
of riboflavin and of nicotinic acid all function in the complex enzyme 
system which catalyzes the oxidation process in the body, and that there 


320 
MALES 3x 
280 
260 
% 240 
= /80 | 
60 (7 
| 
| 
joo 
80 
60 
40 


422 CHEMISTRY: SHERMAN AND ELLIS Proc. N. A. S. 


may be interrelations in their action.’ It is partly through studies of the 
enzymic reactions in vitro and partly through feeding experiments such as 
those here reported that we may hope to obtain further light upon the 
questions: to what extent do the thiamin, the riboflavin and the nico- 
tinic acid enzymes function independently; to what extent in any defi- 
nitely interlinked sequence, so that shortage of one impairs the function- 
ing of another; and do any two of them act in parallel in such manner 
that an abundance of one may in some degree ameliorate the effect of a 
shortage of one of the others? 


5x 4 6} 
FIGURE 2 


On the left, growth curves of offspring continued on their family dietaries; on the 
right, a corresponding comparison (though on a different weight-scale) when such off- 
spring were placed on riboflavin-free diet at 28 days of age which is considered the end 
of infancy in the rat. 


The discovery by Ellis and Zmachinsky‘ that a high level of riboflavin 
intake increases the ability to withstand a deprivation of thiamin, may 
afford an affirmative answer to this last question; or it may be interpreted 
upon the mass-action principle with the hypothesis of a common dissocia- 
tion-product inasmuch as thiamin and riboflavin both contain the pyrimi- 
dine nucleus. 

The assistance of Carnegie and Rockefeller grants is gratefully acknowl- 
edged. 


1H. C. Sherman and L. N. Ellis, Jour. Biol. Chem., 104, 91-97 (1934). 

2 (a) H. C. Sherman, H. L. Campbell, and C. S. Lanford, Proc. Nat. Acad. Sci., 25, 
16-20 (1939); (b) C. S. Lanford and H. C. Sherman, Jour. Biol. Chem., 126, 381-387 
(1938). 

3 (a) O. M. Helmer and P. J. Fouts, Jour. Nutrition, 16, 271-277 (1938); (6) F. B. 
Straub, H. S. Corran, and D. E. Green, Nature, 143, 119 (1939); (c) F. Lipmann, 
Nature, 143, 436 (1939). 

4L. N. Ellis and A. Zmachinsky, Scence, 86, 245-246 (1937). 
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GALACTIC AND EXTRAGALACTIC STUDIES, I. ON THE 
CORONA OF STARS AROUND THE GALACTIC SYSTEM 


By HarRLow SHAPLEY 


HARVARD COLLEGE OBSERVATORY 


Communicated July 11, 1939 


1. The data now available on the occurrence and magnitudes of high- 
latitude cluster-type variables, shown in part by the accompanying tabula- 
tions and figure, indicate with greater certainty than has heretofore been 
attained that an extensive low-density ‘‘atmosphere’’ or ‘‘stellar corona’”’ 
exists as an integral part of the galactic system.!' The boundaries are 
necessarily indefinite; but the total thickness across the plane is not less 
than eighty thousand light years—that is, an appreciable number of stars 
is found at distances of the order of twelve kiloparsecs from the galactic 
plane. 

The degree of concentration of cluster variables to the galactic plane can 
also now be provisionally determined. The research on the space distribu- 
tion of high-latitude stars, which has been in progress for more than ten 
years, shows that the most distant of these widely distributed objects are 
not, as a rule, intergalactic, even though occasional variables may be essen- 
tially or completely free of the gravitational field of our own system. But 
the actual identification of such escaping or transient stars would require 
measures of velocity and an improved knowledge of the mass of the galactic 
system. 

2. The materials used in the present study have been, in large measure, 
derived from Harvard plates. Many of the variables have not yet been 
published. The cluster variables, now entered in our card catalog, 
number more than twenty-three hundred. Over six hundred are in globu- 
lar clusters. Of the remainder the distribution in latitude and in apparent 
photographic magnitude may be summarized as follows: 


Galactic latitude less than + 30° 1204 
Galactic latitude greater than +30° 481 
Median magnitude brighter than 10 25 
Median magnitude between 10 and 12.5 223 
Median magnitude between 12.5 and 15 853 
Median magnitude fainter than 15 584 


On the basis of the recent detailed study by Dr. Ralph E. Wilson of the 
scale and zero-point of the period-luminosity curve, we may continue to use 
zero as the best value for the median absolute photographic magnitude of 


7 
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cluster variables.* It appears, therefore, that the 584 faintest cluster 
variables are among the most distant of known objects in the Galaxy. 
Many have distances in excess of ten kiloparsecs. In general, however, 
only for those faint variables in galactic latitude higher than twenty de- 
grees, or for those seen through galactic windows, can the space absorption 
be safely estimated and the indicated great distances discussed quantita- 
tively. 

3. For a considerable number of high-latitude fields the series of plates 
examined have been sufficient to make the search for cluster-type variable 
stars practically complete, to the magnitude limit reached with the 10-inch 
Metcalf triplet at Bloemfontein when exposures of forty-five minutes are 
made on Cramer Hi-Speed plates. Fortunately the continuous variation 
and the short periods of these stars make such completeness of discovery 
possible without the extended series of plates that would be required for 
definitive light curves or for the discovery and study of Algol stars. Nor 
do we need for this work a long time interval, such as would be appropriate 
for long-period variables. 


TABLE 1 
SOUTHERN FIELDS INCLUDED IN SURVEY 
GALACTIC CLUSTER 
FIELD LONGITUDE LATITUDE VARIABLES 
MWF 202* 45° —20° 13 
204* 135 —20 3 
209 0 —40 32 
211 170 —40 13 
212 270 —40 25 
213 0 —60 15 
214 95 —60 7 
215 180 —60 7. 
216 270 —60 13 
217 180 —80 8 
218 356 —80 9 
259 240 —30 15 
344 251 —27.5 
566 245 —46 13 


*Half-fields. 


Table 1 contains a list of fourteen fields in the southern galactic hemi- 
sphere, with latitudes not less than twenty degrees, in which the search for 
cluster-type Cepheids is taken as complete. The plates examined have all 
been made with the Metcalf instrument (MF series) at the Boyden Station. 
Each field effectively covers eighty square degrees, but for the two fields 
centered on 8 = —20° only the higher latitude half is used in the present 
study. In MWF 209 there are more than five times as many cluster vari- 
ables per unit area as in MWF 204; nevertheless the number per field is in 
general fairly uniform since only four out of fourteen fields have less than 
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seven or more than fifteen cluster variables. The total area surveyed, 
over one thousand square degrees, may therefore be considered a sufficient 
sample to give a good preliminary value of the population characteristics 
in the ‘‘stellar corona.’ On the average there is about one cluster variable 
to every six square degrees. 

Since we are interested in evaluating the variation in number of cluster 
variables with distance perpendicular to the galactic plane, in the part of 
the galactic system easily accessible to us, we do not include fields in the 
neighborhood of the galactic nucleus where the law of the ‘‘vertical’’ dis- 
tribution of cluster variables might easily differ, because of proximity to 
the great central mass, from that prevailing elsewhere in the corona of 
stars surrounding the Galaxy. 

The number of completed high-latitude fields in the northern galactic 
hemisphere is as yet too small to give a dependable determination of the 
galactic concentration on that side of the plane. The current observing 
program should provide sufficient plate material within two years to enable 
us to extend to the northern hemisphere the discussion which we now re- 
strict to those fields in southern latitudes listed in table 1. 

4. In table 2 the number of variables is given for equal intervals of dis- 
tance from the galactic plane, and, in the last column, log N,, the loga- 
rithms of these numbers when reduced to unit volume of space. In com- 
puting the distances of the variables from the median apparent magnitudes, 
m, a total photographic space absorption of 0”.25 has been adopted; that 
is, the corrected distance, 7’, in parsecs, is given by 


= 1()9-2(m + 4.75). 


For these high latitudes a mean value of the space absorption appears ap- 
propriate; as does also the assumption implied in the equation that the 
absorption lies wholly this side of the variables. The essential transpar- 
ency in the direction of these particular fields is assured by the counts of 
faint external galaxies shown on long-exposure plates. Incidentally, 
globular clusters are not found in any of the fields listed, and the variables 
discussed here are therefore presumably quite independent of clusters. 

The concentration of cluster variables to the galactic plane is shown 
graphically in the accompanying figure (columns 1 and 4 of table 2). 
Whether the same density gradient holds for whatever other stars there may 
be in this outer region can only be surmised. To the accuracy permitted 
by the observations, the density function, shown by table and graph, may 
be written as a linear relation between the distance from the galactic plane, 
r’ sin 8, and the logarithm of the number of cluster variables per unit 
volume of space: 


log N, = —0.15 — 0.2357’ sin 8. (1) 
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If we consider only the ten fields (142 variables in 800 square degrees) with 
latitudes from — 40° to —90°, the relation becomes 


log N, = +0.09 — 0.227’ sin B, (2) 


when the data are reduced to the same unit volume as used in table 1. 
This second relation is probably to be preferred for two reasons: the space- 
absorption correction is more dependable for the higher latitudes (MWF 
202 is probably affected by the Taurus nebulosity), and the four fields with 
lowest latitude must be more incompletely surveyed than supposed for m 
fainter than 15.0, since the number of variables per unit volume can be 
shown from data in table 1 to be disproportionately small. 


TABLE 2 


FREQUENCY OF CLUSTER VARIABLES IN SOUTH GALACTIC HEMISPHERE 


INTERVAL OF NUMBER OF MEAN LOG NUMBER 
DISTANCE FROM VARIABLES DISTANCE REDUCED TO 
GALACTIC PLANE OBSERVED FROM PLANE UNIT VOLUME 

KPC KPC 
0.0- 0.5 1 0.48 0.0 
0.5- 1.0 6 0.84 9.93 
1.0- 1.5 4 1.22 9.32 
1.5- 2.0 7 1.78 9.28 
2.0— 2.5 19 2.30 9.49 
2.5- 3.0 14 2.69 9.19 
3.0- 3.5 9 3.18 8.85 
3.5- 4.0 12 3.72 8.85 
4.0- 4.5 15 4.25 8.84 
4.5- 5.0 13 4.73 8.68 
5.0- 5.5 14 5.24 8.63 
5.5- 6.0 6 5.76 8.18 
6.0- 6.5 13 6.18 8.44 
6.5- 7.0 8 6.82 8.16 
7.0- 7.5 9 7.20 8.15 
7.5- 8.0 5 7.75 7.84 
8.0- 8.5 6 8.20 7.87 
8.5- 9.0 6 8.72 7.81 
9.0- 9.5 3 9.22 7.47 
9.5-10.0 4 9.74 7.54 

10.0-10.5 1 10.4 6.90 

10.5-11.0 4 10.76 7.46 

15.0-15.5 i 15.06 6.56 


In general the entries at the beginning and end of table 2, and the corre- 
sponding plotted points, are of low weight because of the small numbers 
involved; also, for magnitudes corresponding to r’sin 8B > 10 kpc, uncer- 
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tainty arises from the approach to the plate limit. The plotted crosses are 
means of three. The broken line represents equation (2). 

6. The unit of volume used in table 2 is 0.065 cubic kiloparsecs, com- 
puted from the sufficiently approximate relation 


14 
Vi = 0.0010 2 esc* B, 
1 


where the indices refer to the fields in table 1 (MWF 202 and 204 are half 
fields) and the coefficient is the volume in cubic kiloparsecs of a cone of 
solid angle eighty square degrees and height 0.5 kpc. From equation (1) 
for the density function it thus appears that at the galactic plane, where 


r'sin B = 0 
and 
N, = 0.71, 


there are 11 cluster variables per cubic kiloparsec. At a distance of ten 
kiloparsecs from the galactic plane this number has dropped to 0.05. Al- 
though the rate of decrease is fairly well determined, the space-density is 
not. If (2) is used, we have N, = 1.23 at the galactic plane and we find 
19 and 0.12 variables per cubic kiloparsec for r’sin 8 = 0 and 10 kpe, re- 
spectively. 
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Concentration of Cluster-type Cepheids to the Galactic Plane 


7. The ten southern cluster variables that are at the greatest distance 
from the galactic plane are the following: 
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GALACTIC OBSERVED 


NAME R. A. (1900) Dc. LATITUDE MED. MAG. r’ sin B 

hom s KPC 

HV 6426 0 08 20 —29 05.4 — 84 16.15 1554 
RZ Scl 1 37 21 —26 43.3 —7 15.5 10.9 
RY Phe 0 45 36 —56 06.4 —62 137 10.9 
HV 6242 21 03 08 —15 38.0 —38 16.45 10.7 
HV 6395 0 32 56 —54 19.0 —63 15.6 10.5 
HV 6373 0 38 50 — 0 30.8 —62 15.6 10.4 
AW Aqr 22 19 22 —24 08.9 —58 15.6 10.0 
SX Sel 0 O01 52 —30 10.2 —82 15.25 9.9 
HV 6372 0 36 39 — 3 33.6 —66 15.35 9.6 
AR Aqr 22 O07 41 —25 13.0 —56 15.55 9.5 


In northern latitudes, several variables with r’ sin 8 > 12 kiloparsecs are 
known, mostly those found by Baade* near the globular cluster N. G. C. 
4147. The very distant cluster variables in Milky Way Fields 233 and 269 
stand well away from the galactic plane,‘ but because the galactic latitudes 
are low, the greatest values of 7’ sin 6 are, for them, between four and five 
kiloparsecs. 


1 These PROCEEDINGS,19, 29-34 (1933) and 22, 8-14 (1936); Harvard Reprints 81 
and 118. 

* Pub. Am. Ast. Soc., 9, 239 (1939). 

3 Ast. Nach., 244, 153 (1931). 

* Harv. Ann., 90, No. 9 (1939) and 105, No. 13 (1936). 


CRITICAL POINTS OF A MAP TO A CIRCLE 
By EVERETT PITCHER 
DEPARTMENT OF MATHEMATICS, LEHIGH UNIVERSITY 


Communicated July 10, 1939 


1. Introduction.—We shall define the critical points of a map on a mani- 
fold to an oriented circle and describe how to classify them as to type. 
We shall show that inequalities analogous to the inequalities of Morse! 
are satisfied by the numbers of critical points of various types and the 
ranks of suitably chosen groups of homology classes. These ranks are in- 
variants of the homotopy class of the map and are the connectivities of the 
given manifold for the class of maps homotopic to a point. We shall 
make several assumptions at the beginning of section 2 in order to simplify 
the exposition of those portions of the theory which are similar to known 
developments and to highlight the novel methods and results of this paper. 
The reader will bear in mind that the theory can be developed with much 
lighter assumptions; the principal results would be group theoretic rather 
than numerical inform. See the developments cited in notes 2 and 3. 
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We shall use the obvious definition of differential critical points in terms 
of the angular coérdinate on the circle and shall use Morse’s definition of 
type numbers.* Our method consists first of defining an induced covering 
space of the given manifold which can be mapped on the given manifold 
by a map which is locally isometric. The covering manifold is such that 
we can define a periodic function whose critical sets cover those of the given 
function and have the same type numbers. Methods due to Morse are 
applied to a convenient fundamental domain to yield the fundamental in- 
equalities (Theorem I) between the numbers of critical points of various 
types and the excesses of new cycles over newly bounding cycles of various 
dimensions. Further theorems show that the excesses are positive or zero 
(Theorem II), are independent of the choice of fundamental domain 
(Theorem III), and are invariants of the homotopy class of the map 
(Theorem IV). 

2. The Map and the Critical Sets —To fix ideas, we suppose L is an n- 
dimensional manifold of class C4, defined in terms of overlapping local co- 
ordinate systems and carrying a fundamental differential form of class C%, 
which defines the metric. On the circle S' we use the angular coérdinate 0, 
with @ increasing in the direction of positive orientation. We assume that 
the map on L to S! is defined by a point function F which is of class C? in 
terms of local coérdinates. A point of LZ will be termed a critical point of F 
if it is a differential critical point of the function @ in the usual sense. It is 
assumed that the images of critical points on S! are isolated. 

With the above assumptions it will be sufficient for our purposes to use 
singular chain topology with integers mod 2 as coefficients, though more 
refined developments demand the use of Vietoris topology. 

By a critical set we shall mean a component of the set of critical points. 
The image of a critical set is a point. To a critical set is assigned a set of 
type numbers [mo, m1, ..., Mn] namely, the set of type numbers assigned by 
Morse‘ to the set as a critical set of the function #6. We recall that the set 
of type numbers of a critical set depends only on the function on a neighbor- 
hood of the critical set and is independent of alterations in the function and 
the space elsewhere. The count of critical points of type k is the sum My, of 
the numbers m, over all critical sets. 

3. The Induced Covering Space-—We shall develop the idea of the in- 
duced covering space. Let fp be a fixed point of L and let 6 be a value of 0 
at F(p). Along any curve A joining pp toa point p, 6 is uniquely determined 
as a continuous function of the parameter on \, and consequently the path 
d determines @ at p uniquely. The determination of 6 by two paths, \ and 
u, is the same if and only if the two maps F(A) and F(u) are homotopic on S! 
when their end-points are held fast. The different values of 6 at p differ by 
integral multiples of 27. Either (case I) there is one possible value 6 of 6 
at p, or (case II) there is a positive integer a such that the possible values 


+ 
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of 6 at pare 6) + 2mar,m = 0, +1, +2, ..., with 6) any particular deter- 
mination at ». Whichever situation holds at one point of L holds at all 
points, and in the second case the value of a is independent of the point p. 

The points of the induced covering space K are pairs (p, 6») where pis a 
point of L and 4» is a determination of @ at p. Let y denote the map on K 
to L in which (, 6») is carried into p. We readily define the metric on K in 
such a way that the map ¢ is locally one to one and isometric. Except for 
notation this definition is independent of pp) and 4p. 

4. The Function on the Covering Space-—On K we define a point function 
F* by the relation 

F*(p, Oy) = 9p. 


Let ¥(@) denote the point of S! with angular coérdinate 6. Then y isa 
map on the line to the circle. The two maps Fy and yF* on K to S! are 
identical. The critical sets of F as defined in section 2 and of F* in the 
usual sense correspond under ¢ and have the same sets of type numbers. 

The covering space admits a group of translations under which its map 
on S' remains fixed. In case I, this group is the identity, while in case II 
it is generated by the translation T which sends (pf, 0») into (p, @) + 27a). 
In case I, K is the fundamental domain of the translation and is uniquely 
determined. In case II, the set of points wherea < F* < a+ 2raisa 
fundamental domain for any value of a and we shall use only domains of this 
form. We let A and B denote numbers such that A < F*< B in case I 
anda anda + 2raincase II. 

We term a cycle on K a new cycle relative to (A, B) if it lieson F < Band 
is not homologous on F< Btoacycleon F< A. WetermacycleonKa 
newly bounding cycle relative to (A, B) if it lies on F < A and is homologous 
to zeroon F < Bbut noton F< A. Wecount new cycles or newly bound- 
ing cycles independent if every proper linear combination is respectively a 
new cycle or a newly bounding cycle. We term a cycle on K a new cycle 
which bounds provided it is a new cycle and bounds on K. 

The fundamental domain was so chosen that the count of critical points 
on it of type k is My. Methods similar to those of Morse® serve to prove 
the following theorem. 

THEOREM I. Jf My denotes the count of critical points on L of type k and 
Q, denotes the count of new k-cycles less the count of newly bounding k-cycles 
relative to (A, B) then the following inequalities hold. 


Mk — Me-i + ... + (—1)*Mo = Qe — Qe-i t+ ... + (—1)*Qo. 


Herek = 0,1, ..., n and the equality holds when k = n. 

We have the following theorems. 

THEOREM II. The numbers Q, are independent of the choice of the funda- 
mental domain. 
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THEOREM III. The count of newly bounding k-cycles is equal to the count 
of k-cycles which bound. Thus Q, = 0. 

THEOREM IV. The numbers Q, are invariants of the homotopy class of the 
map F. 

Theorem II is a byproduct in the proof of Theorem I. The proof of 
Theorem III depends on the use of the cycle limits’ developed by Morse 
and on the existence of the translation 7. To prove Theorem IV we show 
that any deformation of a map of L can be replaced by a sequence of def- 
ormations each of which leaves a fundamental domain on K topologically 
invariant. 


1 Morse, M., ‘“‘Calculus of Variations in the Large,’ Am. Math. Soc., Coll. Publ., New 
York, 1934, Ch. VI. The basic theorem is Theorem 7.4. 

2 Morse, M., Ann. Math., 38, 386-449 (1937). 

3 Morse, M., ‘‘Functional Topology and Abstract Variational Theory,’’ Memoriale des 
Science Math., 92; Paris (1939). 

4 See reference 1, sections 2 and 7. 

5 See reference 1, Theorem 7.3 and relation 7.10. 

6 See reference 2, section 4. 


GROUPS CONTAINING A PRIME NUMBER OF NON-INVARIANT 
SUBGROUPS 


By G. A. MILLER 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated July 1, 1939 


1. General Considerations.—For the sake of clearness we shall use the 
term subgroups in the present article in the sense of a proper subgroup, 
excluding both the identity and the entire group from the subgroups of a 
given group G. The non-invariant subgroups of G are transformed under 
G according to a substitution group to which G is a, 1 isomorphic. The 
subgroup of order a in G which corresponds to the identity of this substitu- 
tion group includes the central of G and is invariant under G. A necessary 
and sufficient condition that this substitution group is transitive is that all 
the non-invariant subgroups of G constitute a single set of conjugate sub- 
groups under G. If this substitution group is of degree m and involves a 
substitution of degree m then to the cyclic subgroup generated by this 
substitution there corresponds at least one cyclic invariant subgroup of G, 
because a group is transformed into itself by each of its own operators. 

If G contains two and only two non-invariant subgroups these subgroups 
are transformed transitively under G. This is also true when G contains 
three and only three non-invariant subgroups since every substitution 


| | | 
= 
2 
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group of degree 3 is transitive. It follows from the octic group that when 
G contains four and only four non-invariant subgroups the corresponding 
substitution group is not necessarily transitive. To the cyclic substitution 
group generated by the substitution of degree 4 in this substitution group 
of order 4 there corresponds the cyclic subgroup of order 4 in the octic 
group, and a = 2 in this special group. The invariant cyclic subgroup of 
order 4 in the octic group illustrates the theorem stated at the close of the 
preceding paragraph. The subgroup of order a in the octic group which 
corresponds to the identity of the substitution group of transformation of 
the subgroups of the octic group is the central of the octic group. 

We proceed to prove that when G has exactly five non-invariant sub- 
groups then the corresponding substitution group of transformation of 
these subgroups is necessarily transitive and hence these five subgroups are 
conjugate under G. If this substitution group would be intransitive its 
transitive constituents would be of degree 2 and of degree 3, respectively. 
The Sylow subgroup whose order would be a power of 3 would be invariant 
under G since G could not involve as many as four such subgroups. The 
subgroup H of G formed by all the operators of G which are commutative 
with each of its two conjugate subgroups would be of index 2 under G and 
would contain the invariant Sylow subgroup whose order is a power of 3. 
If H would involve operators which are not commutative with every 
operator of this Sylow subgroup then G would involve more than one set 
of three conjugate subgroups. 

Hence, it results that all the subgroups of 1 would be invariant under H, 
and therefore H would be either abelian or Hamiltonian.' In either case 
it would be the direct product of its Sylow subgroups and all of its Sylow 
subgroups would be abelian except possibly the Sylow subgroup whose 
order is a power of 2. If this subgroup would not be abelian it would be the 
direct product of the quaternion group and an abelian group of type 1’, 
according to a known theorem. A Sylow subgroup of order 2” contained 
in G would involve two and only two non-invariant subgroups. If all the 
operators of such a Sylow subgroup would be commutative with every 
operator of the Sylow subgroup whose order is a power of 3 contained in H 
then G could not contain a set of three conjugate subgroups. It thus re- 
sults that G would contain three Sylow subgroups of order 2” which would 
separately involve two and only two non-invariant subgroups. The rest 
of the proof follows directly from the following section. 

2. Groups Containing Two and Only Two Non-invariant Subgroups.— 
If a group G contains two and only two non-invariant subgroups it contains 
a subgroup H of index 2 which is composed of all the operators of G which 
are commutative with each of the two non-invariant subgroups of G. As 
all the subgroups of H/ are invariant under // it results that H is either 
abelian or Hamiltonian. We shall first prove that H could not be Hamil- 
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tonian. It was noted above that if it were Hamiltonian it would be the 
direct product of an abelian group of odd order and a group whose order 
is of the form 2”. Since G is supposed to contain only two non-invariant 
subgroups this abelian group of odd order is the identity and the given group 
whose order is of the form 2” is known to be the direct product of the 
quarternion group and an abelian group of type 1*. Hence this group 
whose order is of the form 2” would contain a characteristic subgroup of 
order 2* +!, composed of its operators of order 2 and the identity. 

If k would exceed unity G would involve more than one invariant opera- 
tor of order 2 and hence more than one set of two conjugate subgroups, 
since a subgroup having two such conjugates multiplied by an invariant 
operator of order 2 would give such a set. It should be noted that all the 
operators of G which are not also in H generate the commutator subgroup 
of G and that this commutator subgroup is of order 2 since the square of 
every operator of Gisin H. If k = 1 and H is Hamiltonian the order of G 
is 32. Such a group would involve more than one set of two non-invariant 
subgroups and hence it is excluded from the present consideration. It is 
obvious that G could not be of order 16 if H is Hamiltonian. It therefore 
results that H is abelian and it will be convenient to assume in what follows 
that the order of G is exactly 2”. : 

The number of the invariants of H cannot exceed two because G cannot 
involve more than one invariant operator of order 2. One invariant of H is 
therefore 2”~’ while the other is 2 where m = 4. The central of G is 
cyclic and of order 2” ~* and the two conjugate subgroups of G are of order 
2. All the operators of G which do not appear in H are of order 2”~' and G 
contains exactly two cyclic subgroups of order 2” ~ * and is conformal with 
the abelian group of type m — 1,1. It is obtained by extending the cyclic 
group of order 2”~* by an operator of order 2 which transforms all its 
operators into their 2”~? + 1 power. All the proper subgroups of G are 
abelian and the total number of its subgroups is 3(m — 1). Only one of 
the three subgroups of order 2 is invariant but there are three invariant 
subgroups of every other order from 4 to 2”~ * inclusive. The number of 
cyclic subgroups is 2m — 1 and the number of the non-cyclic subgroups is 
m — 2. In particular, the following theorem has been established: There 
is one and only one group of order 2", m > 3, which has exactly two non-in- 
variant subgroups. This group is conformal with the abelian group of type 
m— 1,1. 

By means of these results it is easy to complete a proof of the theorem 
that if an intransitive group contains exactly five non-invariant subgroups 
they must be transformed transitively under the group, and hence the 
intransitive groups of this degree are not groups of transformation of sub- 
groups. It results from the direct product of the symmetric group of order 
6 and a group of order 2 that when a group contains exactly six non-invari- 
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ant subgroups it does not necessarily transform them transitively and the 
tetrahedral group illustrates the fact that a group which contains exactly 
seven non-invariant subgroups does not always transform them transitively. 
When the prime number p exceeds 2 there is obviously a group of order 
pk*, k being an arbitrary prime divisor of p — 1 and a being an arbitrary 
positive integer, which has exactly p non-invariant and non-commutative 
subgroups and transforms them according to a transitive substitution 
group. If we combine this with the theorem expressed at the close of the 
preceding paragraph it results that for every prime number there exists an 
infinite system of groups which separately contain exactly this number of non- 
invariant subgroups and transform these subgroups according to a transitive 
substitution group. When the prime is even there is only one such system 
but it will be seen that there are two such systems when the prime is odd. 


3. Suppose that the group G contains exactly » non-invariant sub- 
groups and that these are both conjugate and relatively commutative. 
Hence G transforms these p subgroups according to the cyclic group of de- 
gree p and the subgroup H in G which corresponds to the identity of this 
cyclic group is abelian since p is supposed to be an odd number. To the 
cyclic group of transformation of the subgroups of G there corresponds a 
cyclic invariant subgroup of G whose order is a power of p. Each of the 
operators of G which is not in H generates the commutator subgroup of G 
and hence this commutator subgroup is of order p and the order of Gis p”. 
The p conjugate subgroups of G are of order p since H is non-cyclic and not 
all of its p + 1 subgroups of order p can be invariant under G for if all of 
these would be invariant under G there would be more than one set of p 
conjugate subgroups under G. 

The central of G is cyclic and of order p All of the proper subgroups 
of G are abelian and all the operators of G which are not also in H are of 
order p”~* and hence there are p cyclic subgroups of order p”~ ' in G. 
There are p cyclic subgroups and one non-cyclic subgroup in G of every 
order which exceeds p and is less than p”, and hence G is conformal with 
the abelian group of order p” and of type m — 1,1. This completes a proof 
of the following theorem: For every odd prime number p there is one and 
only one group of order p", m > 2, which has exactly p non-invariant sub- 
groups which are both conjugate and relatively commutative. This group is 
conformal with the abelian group of this order and of type m — 1, 1. Ifa 
group has p and only # non-invariant subgroups which are conjugate but 
not relatively commutative then the prime number p is necessarily odd and 
the number of possible groups for each odd prime number is infinite as was 
noted above. The smallest such group for every such value of p is the dihe- 
dral group of order 2p. 


1G. A. Miller, Collected Works, 1, 266 (1935). 
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IDENTIFICATION OF TWO SUBSETS 
By EVERETT PITCHER 
DEPARTMENT OF MATHEMATICS, LEHIGH UNIVERSITY 
Communicated July 10, 1939 


1. The Problem and the Motwation.—The theorems of this paper are 
motivated by the Mayer-Vietoris formulas,! which they include. Our 
form of statement is suggested by the exposition of Alexandroff and Hopf.” 
In the simplest case, we have a complex K containing two subcomplexes 
C, and C2, separated in K and each a copy of a complex C. Points of 
C, and C2 corresponding to the same point of C are identified, thus making 
a new complex L. Our theorems relate the homology groups of K, L and 
C. The most important tool in the study is the section on C, a cycle defined 
by the property that the difference of its copies on C; and C; bounds on K. 
The Mayer-Vietoris formulas cover the case in which K is separated into 
two complexes, K, and Ke, containing C,; and C2, respectively. In the 
familiar form of presentation, L is considered as covered by subcomplexes 
K, and Ke whose set-theoretic intersection is C. Our section is the natural 
generalization of the Nahtzyklus. 

We note that A. B. Brown? has obtained relations for a complex which 
imply our Corollary for some non-negative numbers n*. His definitions 
of these numbers is indirect and his result is weaker than our theorem. 

Section 2 is devoted to the statement of the theorem in the simplest 
case, together with indications of proof. Section 3 contains brief state- 
ments of the features involved in a variety of extensions. 

2. The Identification of Two Subcomplexes.—Let K be a complex and let 
C, and C; be separated subcomplexes which are copies of a complex C. 
Let L be the complex obtained from K by identifying cells of C,; and C2 
which are copies of the same cell of C. A map on K to L, denoted by f, 
is thereby defined. It will be applied to chains of K in the usual manner. 
It is the inverse of a map g, in general multiple valued, on chains of L. 
See (1) and (2) We let 0x, 0,, 0, denote the boundary operators on 
K, L, Cand I, Tr, Th k-chains. In (3) and (4) below, I and I% 
are copies of C, and C; of an arbitrary k-chain 'é. The maps f and g 
have the following formal properties. 


= (1) 
(2) 
= (3) 


= + — (4) 


; 
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In relation (4) there are apparently three places where a choice can be 
made, namely, two determinations of g and a choice of T%. Only two 
of these can be made freely and the third is then uniquely determined. A 
similar remark holds for relation (2). 

We denote the K-dimensional homology group of K by B*(K). The 
index k varies from 0 to n, the dimension of K. The coefficient group is 
arbitrary. The subgroup of B*(L) consisting of classes of cycles I for 
which some gIj is a cycle we denote by S*. Such a cycle or homology 
class is said to have a cycle representation on K. Some cycles I'é have the 
property that the difference of the copies If and Tj on C; and C; bounds 
on K. Such a cycle is termed a section and so is its homology class. The 
homology classes of sections form a subgroup N*(C) of B*(C). We let T* 
denote the subgroup of B*(K) consisting of the classes of cycles x for 
which bounds on L. 

We shall state our principal theorem. 

TuHEeorEM. The following isomorphisms hold. 


B*(L) mod S*(L) = N*-(C) (5) 
B‘(K) mod 7* =~ St (k = 0,1, ..., (6) 
B*(C) mod N*(C) = T* (7) 


It is necessary to define N~'(C) as the group of one element so that (5) 
have meaning when k = 0. 

In proving (5), we associate with each k-cycle Ij a section on C. 
This is any section ['—' whose copies I’? and Tj are such that 


— 


It is readily shown from (4) that the homology class on C of sections of a 
homology class on L is uniquely determined. We can thus speak of the 
section of a homology class. The group N*—(C) is the group of sections 
and S* is the group of classes with null sections. The isomorphism (5) 
follows. 

To prove (6), we map each homology class of B*(K) into its image on 
B*(L) under f, observing that S* is the subgroup of B*(L) which is covered 
and 7* is the subgroup carried into 0. 

In proving (7) we map each cycle [é into the difference of its copies on 
C, and C, and consider the induced map of B*(C) to B*(K). From (4) 
and (2) we can show that 7“ is the subgroup of B*(K) which is covered. 
It is readily seen that N*(C) is the subgroup mapped into 0. Then (7) 
follows. 

We let *(K) and m* denote the ranks of B*(K) and N*(C), respectively. 
We replace the relations among groups in the theorem by the equations 


} 
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among their ranks and eliminate the ranks of S* and 7*. We have the 
following corollary. 
COROLLARY. 


PML) = PK) — + + (8) 


3. Four Extensions——An extension of the preceding results is to the 
case in which C; and C, are not separated and are not subcomplexes. Let 
D,; and D, be subcomplexes of K which are copies of a complex D. Let 
C, and C2 be the copies of a subset C of D whose closure is D. The subset 
C may fail to be a complex in that faces of lower dimension which should 
be present are not. Suppose that D; and D, are so imbedded in K that 
the cells of Di; — C, and Dz — C2 which are copies of the same cell of D are 
identical on K, while cells of C, and C, are distinct. As before L is the 
complex obtained from K by identifying corresponding cells of C, and C>. 
In this case, the theorem of section 2 holds provided on C the topology of 
C mod (D — C) is used. 

A second extension is to the case of singular chain topology. Here K 
is a compact metric space with closed separated subsets C; and C; each 
homeomorphic with a space C. The space L is obtained by identifying 
corresponding points of C; and C?, and C may thus be regarded as imbedded 
in L. In order to proceed along the lines suggested in section 2, we make 
the following assumption. 

DEFORMATION HypotHeEsis. There 1s a deformation of a neighborhood of 
C; onto C, which leaves points initially on C, fixed. Further, there is a def- 
ormation of a neighborhood of Cz with the analogous property. 

Some cells on L may have no inverse cell images on K, but any cycle on 
L is homologous to one with the property that its cells have inverse cell 
images on K, and any boundary on L with the property bounds a chain 
with the property. The proofs of these facts depends on the deformation 
hypothesis. It is thus necessary to consider on L only chains with the 
property. This same effect could be achieved with suitable chain deforma- 
tions. 

The theorem of section 2 now follows, and with similar proof. The 
index k is unbounded. 

A third extension is to the case of Vietoris cycles with coefficients from 
a field. The basic idea in the extension is to imbed K in a space K, in 
which the e-neighborhood of C; and C; is homeomorphic with that of C on 
L. Representation and section are readily defined for the map of K, to 
L and, letting « approach 0, for K to L. We use here a theorem‘ that if a 
homology class has a member on every neighborhood of a closed subset of 
a compact space then there is a member on the subset as well. 

Again it is possible to prove the theorem of section 2. 

A fourth extension is to cohomology groups. If cycle, homology and 
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boundary in the part of section 2 up to and including the corollary are re- 
placed by cocycle, cohomology and coboundary, and if the occurrences of 
k — 1 are replaced by k + 1, then the extension will be stated. 


1 Mayer, W., Monatsh. Math. Phys., 36, 1-42 (1929); Vietoris, L., Ibid., 37, 159-162 
(1930). 

2 Alexandroff, P., and Hopf, H., Topologie, I, 287-299. Compare Satz V and rela- 
tions (8) and (9) with our theorem. 

3 Brown, A. B., these PROCEEDINGS, 16, 401-406 (1930). 

4 Morse, M., Annals of Math., 38, 386-449 (1937). Theorem 3.1. 


THE WEAK TOPOLOGIES OF BANACH SPACES 
By A. E. TAYLoR 


UNIVERSITY OF CALIFORNIA AT LoS ANGELES 
Communicated July 3, 1939 


§1. By a linear topological space L we mean a real linear space in which 
there is defined a Hausdorff topology with respect to which the operations 
of addition and scalar multiplication are continuous. It is known that 
such a space may be defined postulationally by means of a family U of 
sets U, called neighborhoods of the origin, and satisfying certain postu- 
lates.'_ We adopt the definitions of boundedness and total boundedness 
for sets in L, as given by von Neumann (see reference in footnote (1)). We 
consider four notions of completeness for L, and denote them by C,, C2, 
Cz, Cy, respectively. C,: JL is sequentially complete if every sequence 
{ x,} such that x, — %m— Ohasa limit xin L; C,: Lis topologically com- 
plete if every closed, totally bounded set in L is compact. C; and C, are 
based on the notion of Moore-Smith convergence of directed sets.2 A di- 
rected set {xa} is fundamental if x. — x,’ 0. Lis complete in the sense 
C; if every fundamental directed set has a limit. L is complete in the 
sense Cy, or boundedly complete, if every bounded, fundamental directed set 
has a limit. It is known that C, and clearly C3; Cy Gy. 

§2. Let E be a Banach space, E* its conjugate space.* If G is a non- 
empty subset of E*, fi, ..., fn ¢€G, and e.> 0, denote by U(fi, ... fn; ©) 
the set of points x e E such that | fi(x) |< ¢,i = 1, ... m. The family 
((G) of such sets, when taken as the neighborhoods of the origin in £, 
satisfy the postulates for a linear topological space. We denote this space 
by € if G = E*. In the same way we may introduce a topology in E*. 
If the set G in E** which is used is E** itself, we call the resulting space €*. 
If Gis the set of elements in E** which are representable in the form F( f) = 
f(x) for some x ¢ E and all f « E*, the space formed with the elements of E* 
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is denoted by Gx. Eis said to be reflexive if all elements of E** are so repre- 
sentable. In this case €* and G, are identical. 

A set G C E* is called a set of determination if it is closed in E*, and if 
supjiy=11 f(x) | = M||x||, x « E, f being restricted to G, and M a positive 
constant. E* itself is a set of determination in E*, and the above men- 
tioned set in E** is a set of determination. It may be shown that if G is 
a set of determination in £*, a set S C E is bounded in the Ul (G) topology 
of E if and only if it is totally bounded. This is the case if and only if 
l|x|| < Cfor some C > OandallxeS. Itis proved that ©, is boundedly 
complete. (€ is boundedly complete if and only if E is reflexive.‘ 

It is convenient to say that E has the property W if its unit sphere is 
weakly compact—i.e., if every sequence {x,} with ||«,|| < 1 contains a sub- 
sequence which converges to a limit in the topology of ©. Similarly E* is 
said to have the property W, if every sequence {f,} with ||f,|| <1 contains 
a subsequence which converges to a limit in the topology of €,. If S(E) 
denotes that E is separable, with similar meanings for S(€), W(E), C.(®), 
etc., a number of theorems can be given symbolic statement as follows: 


+ C2(Cx) > W(E*); W;(E*) 
S(E*) + G 

S(E) 


However, S(Z) + C2(€) does not imply C,(€) (for example, the Banach 
space (l)). Also, if R(Z) means that E is reflexive, 


S(E) + — R(E) > C(®). 


Thus, for separable spaces E, C2(€) and C,(€) are equivalent. The same is 
true for ©, if E* is separable. Another result of interest is that C;(€«) 
holds if and only if there exists no distributive, non-continuous functional 
on E. 

§3. If T is a distributive operation defined on a Banach space Fj, with 
values in a second Banach space F2, the study of the interrelations of its 
continuity properties in the norm topologies and in the topologies of ©,,G, 
shows that it is continuous as a function on £, to E, if and only if it is con- 
tinuous as a function on ©, to G. Similarly if T is distributive on E, to 
E,* it is continuous (according to the norms) if and only if it is continuous in 
the ©, G, topologies. If T is distributive on G, to G, and continuous, 
it is continuous according to the norms in E,*, Z2, but the converse is not 
true in general. Likewise if T is distributive on G,, to G,, and continu- 
ous, it is continuous on E,* to E,*. The converse again fails to hold. 

Finally we remark that if a Banach space is isomorphic (in the sense of 
Banach) with a reflexive space, it is reflexive. This is helpful in showing 


ihe 
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the following: if there exists a one to one, bicontinuous mapping of FE; on 
©.,, EZ, and E,* are isomorphic, and both are reflexive. 


1 See John von Neumann, Transactions of the American Mathematical Society, 37, 1-20 
(1935), especially p. 4. Also J. V. Wehausen, Duke Mathematical Journal, 4, 157-169 
(1938). 

2 See Garrett Birkhoff, Annals of Mathematics, 38, 39-56 (1937). 

3 We use E* instead of E, the latter notation being that of Banach, Opérations Liné- 
aires, p. 100. 

4 This is essentially a result due to Goldstine, Duke Mathematical Journal, 4, 125-131 
(1938). 


ABSTRACT FLAT PROJECTIVE GEOMETRY' 


By A. D. MicHAL AND A. B. MEWBORN 
DEPARTMENT OF MATHEMATICS, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated July 12, 1939 


1. Consider an arbitrary geometric space of points H with allowable 
coérdinates in a Banach space B. Let B; be a second Banach space of 
couples X = (x, x°), where x is in B and x° is a real valued gauge variable, 
and assume that there exist ‘‘projective coérdinate systems” (denoted as 
p.c.s.) on subsets of H to B subject to a set of five postulates analogous to 
those of Veblen and Whitehead.’ It is to be noted that in none of the 
spaces here considered is there an independently postulated inner product 
or contraction.’ 

Let U(x) on subsets of B to B,; be any transformation from allowable to 
projective codrdinates, such that A(X) = e” U(x) is a projective scalar of 
class C whose Fréchet differential A(X; Y) is a solvable linear function 
of the projective contravariant vector (denoted as p.c.v.) Y in B,. 

Change of Representation.—This will consist of a simultaneous change of 
allowable codrdinates x = x(x) and a change of gauge variable x° = x° + 
log p(x), where p(x) is scalar field valued, positive and of class C™. 

Projective Connection.—The components of this geometric object are 
functions with arguments and values in B, expressed in terms of A(X) by 


W(X, Y,Z) = A~(X, A(X; Y; Z)). (1) 
Projective Curvature Form.—This is a geometric object whose compo- 
nents are expressed in terms of the components of the projective connec- 
tion by 
Bay(X, Z, W) Z; W) 


Y, W; Z) + W(X, Y, Z), W) 
—II(X, Y, W), Z). (2) 


a 


tv 
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THEOREM 1. The projective connection (1) has the following properties: 


a. It is symmetric and bilinear in Y, Z; 
b. It ts invariant under any solvable linear transformation of A(X); 
c. It is independent of x°; 
d. Its of the form 
(2°y + + y, 2), + y, 2)) (3) 


where, if we denote A~\(X, Y) by (e-* I(x, Y), e-* 1°(x, Y)), I(x, Y) and 
1°(x, Y) being valued in B and the reals, respectively, and linear in Y of Bi, 


T(x, 2) = L(x, U(x; y; 2)) (4) 
T(x, y, 3) = P(x, U(x; y; 2)). 


THEOREM 2. If Y and Z are p.c.v. then 


a. Under change of representation X = X (X), IICX, Y, Z) transforms as a 
component of a linear connection according to 


m1(x, Y,Z) = X(X; m(X, Y, Z)) + X(K; x(X; Z)) © 


b. T(x, y, z) transforms as a component of a linear connection under allow- 
able change of coérdinates; 
c. I(x, y, z) as scalar field valued. 

The proofs of the above two theorems involve only direct applications of 
our definitions and assumptions, along with some theorems of Kerner and 
Schauder-Banach and the definition of Fréchet differential. It also can be 
shown by the same method that the curvature form (2) is identically zero, 
hence we are dealing in the present case with a flat projective geometry. 
The laws of transformation under change of representation of the forms (4) 
have been derived by the aid of theorem 2. 

THEOREM 3. Any solvable linear function F(A(X)) = 3(X) of A(X) ts 
a solution of the differential system 


R(X; Y; Z) = MX, Y, (6) 
B(X; (0, y)) = y°3(X). 


Here, if U(x) is a transformation from x(p), p in H, to a particular p.c.s. 
Ux(p), then 3x(p) can be any p.c.s. obtainable from x(p) depending on the ar- 
bitrary choice of F(A). 

2. Now we consider a converse problem in which the geometric space is 
a Hausdorff topological space with allowable K® codrdinates‘ in the 
Banach space B. The space B, is as before, but we now assume x = x(x) 
in the change of representation to be allowable K™. 

Projective Connection 11(X, Y, Z).—This geometric object is now assumed 
to be part of the structure of our space and satisfies the postulates: 
a. It is symmetric and bilinear in Y and Z; 
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b. W(X, (0, y), Z) = yvZ; 
c. It is of class C" locally uniformly ;! 
d. Il(X, Y, Z; W) has the 6-property (see below) with respect to Y for 

each Z; 

e. If Y and Z are p.c.v., then II(X, Y, Z) transforms as a component of 

a linear connection under change of representation; 

f. The curvature form based on this II(X, Y, Z) is identically zero. 

The 6-Propertv.—Let f(x, y) have arguments and values in Banach spaces. 
The Fréchet differential f(xo, y; 2) of f(x, y) at x = xo is said to have the 6- 
property with respect to y if for every « > 0 anda > O there exists a 
5(€, a, x») > O, independent of y such that 


I|f(xo + 2, 9) — f(xo, — f(xo, y; 2)|| \ (7) 
for ||z|| < a, x.) and ||y|| <a. 


The Banach Ring R,.—The set of all linear transformations L(X) on B, 
to B, form a ‘‘Banach”’ ring of elements L under suitable definition of opera- 
tions and norm.* W(X, +; W) will denote the R, space correspondent of 
W(X, Y; W) asa linear function of Y, but I(X, Z; W) and @(X; W) will 
mean the Fréchet differentials in R, of II(X, Z) and ®(X), respectively. 

Under the assumptions and definitions of this section we now present a 
body of theorems leading up to a differential system whose unique solution 
establishes a system of p.c.s. equivalent to that assumed in the first section. 

TuHeoreEM 4. Let II(X, Z) be any function with arguments in B, and values 
in R,, linear in Z, of class C” in X uniformly on (Xo)a and satisfying 


+II (X, W)II(X, Z) — II(X, Z)M(X, W) = 0. 
Then the differential system 
P(X; Z) = P(X)II(X, Z) 
P(X.) = Po, } ©) 


where Po is an arlitrary element of Ry, has a unique solution P(X).° 
THEOREM 5. If, in addition to the hypotheses of theorem 4, we assume Po 
has an inverse Po", ihen there exists b, 0 < b S a such that for all X in (Xo), 
the unique solution P(X) above has an inverse P—(X). 
THEOREM 6. Let V(X, Y) have arguments and values in B, and be linear 
in Y, and let ¥(X) be its Ri space correspondent. Then a necessary and suffi- 
cient condition that V(X; Z) exist at X = Xo and that 


(Xo; Z) = (10) 


is that the Fréchet differential ¥(Xo, Y; Z) exist and have the 5-property. 


Bay(X, Z, W) = I(X, Z; W) — II(X, W; Z) | 
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THEOREM 7. There exists a neighborhood (Xo), of each Xo of any codrdinate 
domain such that the differential system 


P(X, Y; Z) = P(X, Y, Z)) 
P(Xo, V) = Py(V), 


(11) 


where Po(V) is any arbitrary solvable linear function of V, has a unique solu- 
tion P(X, Y) linear and solvable in Y for all X in (Xo)p. 
The following is the crucial theorem toward which the above have been 
leading, and is the principal result of this paper. 
THEOREM 8. Under the assumptions of this section there exists a number 
b > 0 for each x» of any allowable K® coérdinate domain such that the dif- 
ferential system 
Y; Z) = 3(%; MX, Y, Z)) 
(0, y’)) = 


(an arbitrary solvable 
V) = function of V) 
P,((0, 1)) Bo 


has a unique solution 3(X) for X in (Xo)p. This solution is of the form 
e* U(x) and its differential 3(X; Y) is a solvable linear function of Y. 
Further 3((x(p), x°)) for p in H establishes a set of projective codrdinate sys- 
tems, one system for each choice of Po(V). The p.c.s. so obtained satisfy the 
five postulates assumed for p.c.s. in section one. 

In closing we remark that the 6-property, as defined and used here, is 
automatically satisfied: by differentiable functions in finite dimensional 
arithmetic spaces. Further, we have verified by examples that there exist 
some Hilbert space functions for which it does not hold, yet it is satisfied 
for one class of functions in unconditioned Banach spaces. 

Complete proofs of all our results will appear in a comprehensive paper 
to be published elsewhere. 


1 Presented to the American Mathematical Society, April 15; 1939. 

2 Veblen, O., and Whitehead, J. H. C., The Foundations of Differential Geometry, Cam- 
bridge Tract No. 29 (1932). 

3 Michal, A. D., ‘‘General Projective Differential Geometry,’’ these PROCEEDINGS, 23, 
546-548 (October, 1937); ‘‘General Differential Geometry and Related Topics,’’ Bull. 
Amer. Math. Soc., 45 (in press) (1939). 

4 Allowable K“) coérdinates are subject to a set of four postulates given on page 5 of 
Michal, A. D., and Hyers, D. H., ‘‘Theory and Applications of Abstract Normal Co- 
ordinates in a General Differential Geometry,” Annali d. R. Scuola Norm. Sup. di Pisa, 
ser. II-VII, 1-19 (1938). 

5 The proof of this theorem depends on theorem 3.1, Michal, A. D. and Elconin, V., 
“Completely Integrable Differential Equations in Abstract Spaces,’’ Acta Mathematica, 
68, 71-107 (1937), also in these PROCEEDINGS, 21, 534-536 (1935). 
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